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�¢¥¤¥­¨¥. � áâ®ïé ï áâ âìï, ª ª ¨ ¯à¥¤è¥áâ¢ãîé¨¥ à ¡®âë  ¢-

â®à  [1{6℄, ¯®á¢ïé¥­  ¯à¨ª« ¤­®¬ã á¯¥ªâà «ì­®¬ã  ­ «¨§ã áâ æ¨®­ à-

­ëå á«ãç ©­ëå ¯à®æ¥áá®¢ (��Ǳ) á ¤¨áªà¥â­ë¬ ¢à¥¬¥­¥¬. Ǳ® á¢®¥©

¨¤¥©­®© ­ ¯à ¢«¥­­®áâ¨ ®­  ­ ¨¡®«¥¥ ¡«¨§ª  ª à ¡®â¥ [6℄, ¢ ª®â®à®©

¡ë«® ¯à¥¤«®�¥­® § ¬¥­¨âì ¢¥á®¢ãî äã­ªæ¨î w(x), ¨á¯®«ì§ã¥¬ãî ¤«ï

®áà¥¤­¥­¨ï ¯¥à¨®¤®£à ¬¬ë ¯à¨ ¯®áâà®¥­¨¨ ®æ¥­ª¨ á¯¥ªâà «ì­®© ¯«®â-

­®áâ¨, ¤¨áªà¥â­ë¬ ­ ¡®à®¬ ¢¥á®¢ëå ª®íää¨æ¨¥­â®¢ {w(k)}. �á«¨ ¯à¨
¨á¯®«ì§®¢ ­¨¨ ¢¥á®¢®© äã­ªæ¨¨ w(x) ¢ �­ë¥ ®£à ­¨ç¥­¨ï, ­ « £ ¥-

¬ë¥ ­ ¬¨ ­  ¬®¬¥­âë ¢¨¤ 

∫
xjw(x) dx, ¬®£«¨ ¢ë¯®«­ïâìáï «¨èì ¯à¨-

¡«¨�¥­­®, â® ¯à¨ ¯¥à¥å®¤¥ ª ­ ¡®àã ¢¥á®¢ëå ª®íää¨æ¨¥­â®¢ {w(k)} ¢á¥
ãá«®¢¨ï, ­ « £ ¥¬ë¥ ­ ¬¨ ­  ¬®¬¥­âë ¢¨¤ 

∑
k

kjw(k), ¢ë¯®«­ïîâáï (¢

¯à¥¤¥« å à §àï¤­®© á¥âª¨ ª®¬¯ìîâ¥à ) ¡¥§®è¨¡®ç­®. �â® ¯®á«¥¤­¥¥

®¡áâ®ïâ¥«ìáâ¢® ¯à¨®¡à¥â ¥â ®á®¡ãî ¢ �­®áâì ¢ á«ãç ¥ ¨á¯®«ì§®¢ ­¨ï

¢¥á®¢ëå äã­ªæ¨© w(x) ¢ëáè¨å ¯®àï¤ª®¢, â. ¥. ¢ â¥å á«ãç ïå, ª®£¤ 

­¥ª®â®àë¥ ¨§ ¬®¬¥­â®¢ ç¥â­ëå ¯®àï¤ª®¢ äã­ªæ¨¨ w(x) ¤®«�­ë ®¡-

à é âìáï ¢ ­ã«ì. �á«¨ �¥ ¨­â¥à¥áãîé¨¥ ­ á ¬®¬¥­âë äã­ªæ¨¨ w(x)

®¡à é îâáï ¢ ­ã«ì «¨èì á â®© ¨«¨ ¨­®© áâ¥¯¥­ìî ¯à¨¡«¨�¥­¨ï, â®

®�¨¤ ¥¬®¥ ­ ¬¨ ã¬¥­ìè¥­¨¥ á¬¥é¥­¨ï ®æ¥­ª¨ á¯¥ªâà «ì­®© ¯«®â­®-

áâ¨ ­¥ ¯à®¨áå®¤¨â. Ǳà¨¬¥­¥­¨¥ ¢¥á®¢ëå äã­ªæ¨© ¢ëáè¨å ¯®àï¤ª®¢ ¢

íâ¨å ãá«®¢¨ïå ­¥ ¤®áâ¨£ ¥â æ¥«¨ ¨«¨ ¤®áâ¨£ ¥â ¥¥ «¨èì ç áâ¨ç­®. � ­ -
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áâ®ïé¥© áâ âì¥ à¥ª®¬¥­¤ æ¨¨,  ­ «®£¨ç­ë¥ à¥ª®¬¥­¤ æ¨ï¬ à ¡®âë [6℄,

ä®à¬ã«¨àãîâáï ¤«ï á«ãç ï, ª®£¤  ­ á ¨­â¥à¥áãîâ ¯à®¨§¢®¤­ë¥ á¯¥ª-

âà «ì­®© ¯«®â­®áâ¨ ­¥ ¢ëè¥ ç¥â¢¥àâ®£® ¯®àï¤ª . �¥á®¢ãî äã­ªæ¨î

v(x) (ï¤à® ®æ¥­ª¨ â®© ¨«¨ ¨­®© ¯à®¨§¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®-

áâ¨ ¨áá«¥¤ã¥¬®£® ��Ǳ) ¬ë ¯à¥¤« £ ¥¬ § ¬¥­¨âì ¤¨áªà¥â­ë¬ ­ ¡®à®¬

¢¥á®¢ëå ª®íää¨æ¨¥­â®¢ {v(k)}. �â® �¥ ¤ ¥â ­ ¬ ¢ëç¨á«¥­¨¥ ¯à®¨§-

¢®¤­ëå á¯¥ªâà «ì­®© ¯«®â­®áâ¨? � ª ª ª á¬¥é¥­¨¥ ­¥¯ à ¬¥âà¨ç¥-

áª®© (ª« áá¨ç¥áª®© ¯¥à¨®¤®£à ¬¬­®©) ®æ¥­ª¨ á¯¥ªâà «ì­®© ¯«®â­®áâ¨

¢ ¯¥à¢®¬ ¯à¨¡«¨�¥­¨¨ ¯à®¯®àæ¨®­ «ì­® ®¤­®© ¨§ ¥¥ ¯à®¨§¢®¤­ëå ç¥â-

­®£® ¯®àï¤ª  (¢ § ¢¨á¨¬®áâ¨ ®â ãá«®¢¨©, ­ « £ ¥¬ëå ­ ¬¨ ­  ¬®¬¥­-

âë ¢¥á®¢®© äã­ªæ¨¨ w(x), ¨á¯®«ì§ã¥¬®© ¤«ï ®áà¥¤­¥­¨ï ¯¥à¨®¤®£à ¬-

¬ë),   ¤¨á¯¥àá¨ï ®æ¥­ª¨ ¯à®¯®àæ¨®­ «ì­  ª¢ ¤à âã á ¬®© á¯¥ªâà «ì-

­®© ¯«®â­®áâ¨, ¯®«ãç ¥¬ ¢®§¬®�­®áâì ¢¬¥áâ¥ á ®æ¥­ª®© ¨­â¥à¥áãî-

é¥© ­ á á¯¥ªâà «ì­®© ¯«®â­®áâ¨ ¢ëç¨á«¨âì ¨ áà¥¤­¨© ª¢ ¤à â ®è¨¡ª¨

®æ¥­¨¢ ­¨ï, à ¢­ë© áã¬¬¥ ¤¨á¯¥àá¨¨ ®æ¥­ª¨ ¨ ª¢ ¤à â  ¥¥ á¬¥é¥­¨ï.

�à®¬¥ â®£®, ®æ¥­¨¢ ï ¯à®¨§¢®¤­ë¥ á¯¥ªâà «ì­®© ¯«®â­®áâ¨, ¯®«ãç ¥¬

¢®§¬®�­®áâì ¯à®¢¥à¨âì ¨ ãâ®ç­¨âì ­ è¨  ¯à¨®à­ë¥ ¯à¥¤¯®«®�¥­¨ï

®â­®á¨â¥«ì­® áâ¥¯¥­¨ ¥¥ £« ¤ª®áâ¨. �«¨� ©è¨© à §¤¥« áâ âì¨ ¡ã¤¥â

¯®á¢ïé¥­ ªà âª®¬ã ®¯¨á ­¨î ¬ â¥¬ â¨ç¥áª®£®  ¯¯ à â , ¨á¯®«ì§ã¥¬®-

£® ¯à¨ ¯®áâà®¥­¨¨ ®æ¥­®ª ¯à®¨§¢®¤­ëå á¯¥ªâà «ì­®© ¯«®â­®áâ¨. �â®

�¥ ª á ¥âáï á®¡áâ¢¥­­® ®æ¥­®ª ¯à®¨§¢®¤­ëå á¯¥ªâà «ì­®© ¯«®â­®áâ¨,

â® ¨¬ ¡ã¤ãâ ¯®á¢ïé¥­ë ç¥âëà¥ ¯®á«¥¤ãîé¨å à §¤¥«  áâ âì¨.

1. �¥ª®â®àë¥ ¯à¥¤¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï. � ª ç¥áâ¢¥ ®á­®¢-

­®£® ¨­áâàã¬¥­â , ¨á¯®«ì§ã¥¬®£® ­ ¬¨ ¢ ¤ «ì­¥©è¥¬ ¤«ï ¯®áâà®¥­¨ï

®æ¥­®ª ¯à®¨§¢®¤­ëå á¯¥ªâà «ì­®© ¯«®â­®áâ¨, ¡ã¤ãâ ¨§¡à ­ë ¯®«¨­®-

¬¨ «ì­ë¥ âà¨£®­®¬¥âà¨ç¥áª¨¥ ï¤à  â¨¯  ��¥ªá®­  ¨ ¨å à §«®�¥­¨ï

¢ àï¤ �ãàì¥. �®¢®àï ® ï¤à å â¨¯  ��¥ªá®­ , ¨¬¥¥¬ ¢ ¢¨¤ã ª®­¥ç-

­ë¥ âà¨£®­®¬¥âà¨ç¥áª¨¥ ¯®«¨­®¬ë Jl,n(µ), ®¯à¥¤¥«ï¥¬ë¥ ¤«ï «î¡ëå

­ âãà «ì­ëå l ¨ n á®®â­®è¥­¨¥¬

Jl,n(µ) = Cl,n

[
sin(nµ/2)

sin(µ/2)

]
2l

, (1)
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£¤¥ Cl,n | ­®à¬¨àãîé¨© ¬­®�¨â¥«ì, ®¡¥á¯¥ç¨¢ îé¨© ¢ë¯®«­¥­¨¥ à -

¢¥­áâ¢  ∫

�

Jl,n(µ) dµ = 2π, � = [−π, π℄.

�«ï l = 1, 5 ­®à¬¨àãîé¨¥ ¬­®�¨â¥«¨ Cl,n à ¢­ë

1

n
,

3

2n3 + n
,

20

11n5 + 5n3 + 4n
,

315

151n7 + 70n5 + 49n3 + 45n

¨ á®®â¢¥âáâ¢¥­­®

36288

15619n9 + 7350n7 + 5187n5 + 4100n3 + 4032n
.

�¤à  J
1,n(µ), J2,n(µ) è¨à®ª® ¨§¢¥áâ­ë ¯®¤ ­ §¢ ­¨¥¬ ï¤¥à �¥©¥à  ¨

á®®â¢¥âáâ¢¥­­® ��¥ªá®­ . � ç¨­ ï á l = 3 ¯à¨­ïâ® £®¢®à¨âì ® ï¤à å

â¨¯  ��¥ªá®­ . �¡ê¥¤¨­ïï ¢á¥ à áá¬ âà¨¢ ¥¬ë¥ ­ ¬¨ ï¤à  ¯®¤ ®¡-

é¨¬ ­ §¢ ­¨¥¬ ýï¤à  â¨¯  ��¥ªá®­ þ, ¬ë «¨èì ª®­áâ â¨àã¥¬ ¨å ®¤-

­®â¨¯­®áâì: ª �¤®¥ ¨§ ï¤¥à Jl,n(µ) ¯à®¯®àæ¨®­ «ì­® l-© áâ¥¯¥­¨ ï¤à 

�¥©¥à  J
1,n(µ). �¨â â¥«î, �¥« îé¥¬ã ®§­ ª®¬¨âìáï á ¢ �­¥©è¨¬¨

á¢®©áâ¢ ¬¨ ï¤¥à â¨¯  ��¥ªá®­  (¢ª«îç ï ï¤à  �¥©¥à  ¨ ��¥ªá®­ ),

¬®�¥â ¡ëâì à¥ª®¬¥­¤®¢ ­  ª­¨£  [7, £«. II, § 3℄. � ¨¡®«ìè¨© ¨­â¥à¥á

¤«ï ­ á ¢ ¤ «ì­¥©è¥¬ ¡ã¤ãâ ¯à¥¤áâ ¢«ïâì à §«®�¥­¨ï ¢ àï¤ �ãàì¥

ï¤¥à â¨¯  (1), â. ¥. ª®íää¨æ¨¥­âë jl,n(k) ¢ ä®à¬ã«¥

Jl,n(µ) =

l(n−1)∑

k=−l(n−1)

jl,n(k)e
ikµ.

�«ï l = 1 ¨ 2 ª®íää¨æ¨¥­âë jl,n(k) ®¯¨áë¢ îâáï ä®à¬ã« ¬¨

jl,n(k) = 1− |k|/n, |k| 6 n,

¨ á®®â¢¥âáâ¢¥­­®

j
2,n(k) =

{
1− 3|k|+6nk2−3|k|3

4n3+2n , |k|
n 6 1,

(2n− |k|) [(2n−|k|)2−1℄

4n3+2n , 1 6
|k|
n 6 2.

�«ï l = 3, 4 ¨ 5 à §«®�¥­¨ï ¢ àï¤ �ãàì¥ ï¤¥à â¨¯  (1) ®¯¨áë¢ îâáï

áãé¥áâ¢¥­­® ¡®«¥¥ ®¡ê¥¬­ë¬¨ ä®à¬ã« ¬¨, ¯à¨¢¥¤¥­­ë¬¨ ¢ à ¡®â å
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[8, 9℄ ¨ á®®â¢¥âáâ¢¥­­® [5℄. �®á¯à®¨§¢®¤¨âì íâ¨ ä®à¬ã«ë ¢ ­ áâ®ïé¥©

à ¡®â¥ §  ­¥­ ¤®¡­®áâìî ­¥ ¡ã¤¥¬. � ª ¨ ¢ à ¡®â¥ [6℄, ¯®«®�¨¬

w
2,n(k) = q

1,n(k),

w
4,n(k) = 2q

1,n(k)− q
2,n(k),

w
6,n(k) = 3q

1,n(k)− 3q
2,n(k) + q

3,n(k),

w
8,n(k) = 4q

1,n(k)− 6q
2,n(k) + 4q

3,n(k)− q
4,n(k)

¨

w
10,n(k) = 5q

1,n(k)− 10q
2,n(k) + 10q

3,n(k)− 5q
4,n(k) + q

5,n(k),

£¤¥ n ∈ N ¨

ql,n(k) = jl,n(k)/(n
2lCl,n).

�ë¯¨á ­­ë¥ ¢ëè¥ ­ ¡®àë {wm,n(k)}, m = 2, 4, 6, 8, 10, ¨ ï¢«ïîâáï â¥¬

§ ¢¥àè îé¨¬ §¢¥­®¬, ª®â®à®¥ ¯®§¢®«ï¥â ­ ¬ ¯à¨áâã¯¨âì ª ¯®áâà®¥-

­¨î ®æ¥­®ª ¯à®¨§¢®¤­ëå á¯¥ªâà «ì­®© ¯«®â­®áâ¨. �á­®¢­®¥ á¢®©áâ¢®

ª �¤®£® ¨§ ­ ¡®à®¢ {wm,n(k)} á®áâ®¨â ¢ â®¬, çâ® ®­ ã¤®¢«¥â¢®àï¥â

ãá«®¢¨ï¬ wm,n(−k) = wm,n(k),
∑
k

wm,n(k) = 1 ¨

∑

k

kjwm,n(k) = 0, j = 1,m− 1.

� ¬¥ç ­¨¥. �¥£ª® ¢¨¤¥âì, çâ® ä®à¬ã«ë, ®¯à¥¤¥«ïîé¨¥ ¯à¥¤« -

£ ¥¬ë¥ ­ ¬¨ ­ ¡®àë {wm,n(k)}, ­¥ á®¤¥à� â ­¨ª ª¨å ­¥®¯à¥¤¥«¥­­®-

áâ¥© â¨¯  ¡¥áª®­¥ç­ëå áã¬¬, ¨­â¥£à «®¢ ¨«¨ á¯¥æ¨ «ì­ëå äã­ªæ¨©.

�à®¬¥ â®£®, ¢ â ¡«. 1 ª �¤®© ¨§ à ¡®â [10, 8, 9, 11℄ ¯à¨¢¥¤¥­ë â®ç­ë¥

§­ ç¥­¨ï ¢¥«¨ç¨­ n2lql,n(k) ¤«ï àï¤  §­ ç¥­¨© n, à ¢­ëå æ¥«®© ¯®-

«®�¨â¥«ì­®© áâ¥¯¥­¨ ç¨á«  2. �¥¬ á ¬ë¬ ç¨â â¥«î ¯à¥¤®áâ ¢«ï¥âáï

¢®§¬®�­®áâì ¢ àï¤¥ á«ãç ¥¢ áãé¥áâ¢¥­­® ãáª®à¨âì ¢ëç¨á«¥­¨¥ ¨­â¥-

à¥áãîé¥£® ¥£® ­ ¡®à  {wm,n(k)}.

2. �æ¥­ª¨ ¯à®¨§¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨. �â ª,

¯ãáâì {X(k), k ∈ Z} | áâ æ¨®­ à­ë© ¢ è¨à®ª®¬ á¬ëá«¥ á«ãç ©­ë©
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¯à®æ¥áá á® áà¥¤­¨¬ EX(k) ≡ 0, ª®àà¥«ïæ¨®­­®© äã­ªæ¨¥© R(k) =

EX(j)X(j + k) ¨ á¯¥ªâà «ì­®© ¯«®â­®áâìî

f(ω) = (2π)−1

∑

k∈Z

e−ikωR(k), ω ∈ � = [−π, π℄.

Ǳãáâì âà¥¡ã¥âáï ¯® N ¯®á«¥¤®¢ â¥«ì­ë¬ ®âáç¥â ¬ ��Ǳ X(k) ®æ¥­¨âì

¯à®¨§¢®¤­ãî f ′
(ω) ¢ § ¤ ­­®© â®çª¥ ω = ω

0

∈ [0, π℄. �®£« á­® ä®à¬ã«¥

(12) à ¡®âë [4℄ ¢ ª ç¥áâ¢¥ ­¥¯ à ¬¥âà¨ç¥áª®© ®æ¥­ª¨ ¢¥«¨ç¨­ë f ′
(ω

0

)

¬®�¥â ¡ëâì ¯à¨­ïâ  á«ãç ©­ ï ¢¥«¨ç¨­ 

DfN(ω0) = h−2

N

2π∫

−π

v

(
ω − ω

0

hN

)
IN (ω) dω. (2)

�¤¥áì IN (ω) | ¯¥à¨®¤®£à ¬¬ , ®¯à¥¤¥«ï¥¬ ï á®®â­®è¥­¨¥¬

IN (ω) =
1

2πN

∣∣∣∣∣

N∑

k=1

X(k)eikω

∣∣∣∣∣

2

,

hN | ­¥ª®â®à ï ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì â ª ï, çâ® 0 < hN 6 π

¤«ï ¢á¥å ­ âãà «ì­ëå N ¨

hN +

(
Nh3N

)−1 → 0 (N → ∞),

  v(x) | ­¥ª®â®à ï ­¥ç¥â­ ï ®£à ­¨ç¥­­ ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïî-

é ï ãá«®¢¨ï¬ v(x) = 0, ¥á«¨ |x| > 1, ¨

1∫

−1

xv(x) dx = 1.

�¥ç¥â­®¥ ç¨á«® r > 3 ­ §®¢¥¬ ¯®àï¤ª®¬ ¢¥á®¢®© äã­ªæ¨¨ v(x), ¥á«¨

®­ , ¢ ¤®¯®«­¥­¨¥ ª áä®à¬ã«¨à®¢ ­­ë¬ ¢ëè¥ ¯à¥¤¯®«®�¥­¨ï¬, ã¤®-

¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ãá«®¢¨î:

1∫

−1

xjv(x) dx =

{
0, j = 2, r − 1,

c 6= 0, j = r.
(3)
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� ª ¨ ¢ á«ãç ¥ ®æ¥­¨¢ ­¨ï á ¬®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨, ¯à¨¬¥­¥-

­¨¥ ¢¥á®¢ëå äã­ªæ¨© ¢ëáè¨å ¯®àï¤ª®¢ (â. ¥. ¢ ¤ ­­®¬ á«ãç ¥ ¯®àï¤-

ª®¢ r > 3) ¬®�¥â ¯à¨¢¥áâ¨ ª ®ç¥­ì ¡®«ìè®¬ã ¢ë¨£àëèã ¢ â®ç­®áâ¨

®æ¥­¨¢ ­¨ï, ¥á«¨ â®«ìª®

 ) ®¡ê¥¬ ¢ë¡®àª¨ N ­¥ á«¨èª®¬ ¬ «,

¡) ®æ¥­¨¢ ¥¬ ï á¯¥ªâà «ì­ ï ¯«®â­®áâì f(ω) ï¢«ï¥âáï ¤®áâ â®ç­®

£« ¤ª®© (¬­®£®ªà â­® ¤¨ää¥à¥­æ¨àã¥¬®©) äã­ªæ¨¥©.

� è¨ ¤ «ì­¥©è¨¥ à ááã�¤¥­¨ï, ª á îé¨¥áï ¢ëç¨á«¥­¨ï ®æ¥­ª¨

(2) ¢¥«¨ç¨­ë f ′
(ω

0

), á®¢¯ ¤ îâ á á®®â¢¥âáâ¢ãîé¨¬¨ à ááã�¤¥­¨ï¬¨

à ¡®âë [6℄, ª á îé¨¬¨áï ¢ëç¨á«¥­¨ï ®æ¥­®ª á ¬®© á¯¥ªâà «ì­®© ¯«®â-

­®áâ¨ f(ω). Ǳà¨ ¢ëç¨á«¥­¨¨ ¢¥«¨ç¨­ë DfN (ω0) ¨­â¥£à « ¢ ¯à ¢®©

ç áâ¨ à ¢¥­áâ¢  (2) ­¥¨§¡¥�­® § ¬¥­ï¥âáï ¨­â¥£à «ì­®© áã¬¬®©. Ǳà¨

íâ®¬ á®®â­®è¥­¨¥ (3) ¤«ï ¢á¥å ­¥ç¥â­ëå j, ­¥ ¯à¥¢®áå®¤ïé¨å r− 2, ¡ã-

¤¥â ¢ë¯®«­ïâìáï ã�¥ ­¥ â®ç­®,   ¯à¨¡«¨�¥­­® ¨ íää¥ªâ (ã¬¥­ìè¥­¨¥

á¬¥é¥­¨ï ®æ¥­ª¨ DfN(ω0)), ®�¨¤ ¥¬ë© ­ ¬¨ ®â ¯à¨¬¥­¥­¨ï ¢¥á®¢®©

äã­ªæ¨¨ v(x) ¯®àï¤ª  r > 3, ¬®�¥â ¡ëâì ­¥ ¤®áâ¨£­ãâ. �áâ¥áâ¢¥­-

­ë¬ ®¡à §®¬ ¬ë ¯à¨å®¤¨¬ ª ­¥®¡å®¤¨¬®áâ¨ § ¬¥­ë ¢¥á®¢®© äã­ªæ¨¨

v(x) ¤¨áªà¥â­ë¬ ­ ¡®à®¬ ¢¥á®¢ëå ª®íää¨æ¨¥­â®¢ {v(k)}, ã¤®¢«¥â¢®-
àïîé¨å ãá«®¢¨ï¬

v(−k) = −v(k), (4)

∑

k

kv(k) = 1 (5)

¨ ∑

k

kjv(k) = 0, j = 2, r − 1. (6)

�®à¬ã«  (2) ¤«ï ¢¥«¨ç¨­ë DfN (ω0) § ¬¥­ï¥âáï ¢ íâ®¬ á«ãç ¥ á®®â­®-

è¥­¨¥¬

DfN (ω0) =
1

�ω

∑

k

v(k)IN (ω0 + k�ω),

£¤¥ �ω | è £ à §¡¨¥­¨ï ¯® ç áâ®â­®¬ã  à£ã¬¥­âã ¯à¨ ¯¥à¥å®¤¥ ®â

¨­â¥£à «  (2) ª ¨­â¥£à «ì­®© áã¬¬¥. Ǳà¥¤« £ ¥¬ë¥ ­ ¬¨ ­ ¡®àë ¢¥-

á®¢ëå ª®íää¨æ¨¥­â®¢ {vr,n(k)}, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (4){(6),
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®¯¨áë¢ îâáï á®®â­®è¥­¨ï¬¨

v
3,n(k) =

1

2

[w
2,n(k − 1)− w

2,n(k + 1)℄,

v
5,n(k) =

1

12

[−w
4,n(k − 2) + 8w

4,n(k − 1)− 8w
4,n(k + 1) + w

4,n(k + 2)℄,

v
7,n(k) =

1

60

[w
6,n(k − 3)− 9w

6,n(k − 2) + 45w
6,n(k − 1)

− 45w
6,n(k + 1) + 9w

6,n(k + 2)− w
6,n(k + 3)℄,

v
9,n(k) =

1

840

[−3w
8,n(k − 4) + 32w

8,n(k − 3)

− 168w
8,n(k − 2) + 672w

8,n(k − 1)− 672w
8,n(k + 1)

+ 168w
8,n(k + 2)− 32w

8,n(k + 3) + 3w
8,n(k + 4)℄

¨

v
11,n(k) =

1

2520

[2w
10,n(k − 5)− 25w

10,n(k − 4)

+ 150w
10,n(k − 3)− 600w

10,n(k − 2) + 2100w
10,n(k − 1)

− 2100w
10,n(k + 1) + 600w

10,n(k + 2)− 150w
10,n(k + 3)

+ 25w
10,n(k + 4)− 2w

10,n(k + 5)℄,

£¤¥ ¢¥«¨ç¨­ë wm,n(k), n ∈ N, m = 2, 4, 6, 8, 10, ®¯à¥¤¥«¥­ë ¢ à §¤. 1.

�¨á«® ®â«¨ç­ëå ®â ­ã«ï ª®íää¨æ¨¥­â®¢ ¢ ª �¤®¬ ¨§ ­ ¡®à®¢ {vr,n(k)}
à ¢­® n(r − 1) + 1.

3. �æ¥­ª¨ ¢â®à®© ¯à®¨§¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨.

�«ï ¯®áâà®¥­¨ï ®æ¥­®ª ¢â®à®© ¯à®¨§¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨

­ ¬ ¯®âà¥¡ãîâáï ­ ¡®àë ¢¥á®¢ëå ª®íää¨æ¨¥­â®¢ {v(k)}, ã¤®¢«¥â¢®àï-
îé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬: v(−k) = v(k),

∑

k

v(k) = 0,
∑

k

k2v(k) = 2

¨ (¤«ï àï¤  ç¥â­ëå §­ ç¥­¨© r > 4)

∑

k

kjv(k) = 0, j = 3, r − 1.
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Ǳà¥¤« £ ¥¬ë¥ ­ ¬¨ ­ ¡®àë {vr,n(k)}, ã¤®¢«¥â¢®àïîé¨¥ ¢á¥¬ ¯¥à¥ç¨á-

«¥­­ë¬ ¢ëè¥ ãá«®¢¨ï¬, ®¯¨áë¢ îâáï á®®â­®è¥­¨ï¬¨

v
4,n(k) = w

2,n(k − 1)− 2w
2,n(k) + w

2,n(k + 1),

v
6,n(k) =

1

12

[−w
4,n(k − 2) + 16w

4,n(k − 1)

− 30w
4,n(k) + 16w

4,n(k + 1)− w
4,n(k + 2)℄,

v
8,n(k) =

1

180

[2w
6,n(k − 3)− 27w

6,n(k − 2) + 270w
6,n(k − 1)

− 490w
6,n(k) + 270w

6,n(k + 1)

− 27w
6,n(k + 2) + 2w

6,n(k + 3)℄,

v
10,n(k) =

1

5040

[−9w
8,n(k − 4) + 128w

8,n(k − 3)− 1008w
8,n(k − 2)

+ 8064w
8,n(k − 1)− 14350w

8,n(k) + 8064w
8,n(k + 1)

− 1008w
8,n(k + 2) + 128w

8,n(k + 3)− 9w
8,n(k + 4)℄

¨

v
12,n(k) =

1

25200

[8w
10,n(k − 5)− 125w

10,n(k − 4)

+ 1000w
10,n(k − 3)− 6000w

10,n(k − 2)

+ 42000w
10,n(k − 1)− 73766w

10,n(k)

+ 42000w
10,n(k + 1)− 6000w

10,n(k + 2)

+ 1000w
10,n(k + 3)− 125w

10,n(k + 4) + 8w
10,n(k + 5)℄.

� ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ à §¤¥«¥, ¢á¥ ¢¥«¨ç¨­ë wm,n(k), n ∈ N, m =

2, 4, 6, 8, 10, § ¨¬áâ¢ãîâáï ­ ¬¨ ¨§ à §¤. 1. �¨á«® ®â«¨ç­ëå ®â ­ã«ï ª®-

íää¨æ¨¥­â®¢ ¢ ª �¤®¬ ¨§ ­ ¡®à®¢ {vr,n(k)} à ¢­® n(r−2)+1. Ǳ®« £ ï
â¥¯¥àì

D2fN (ω0) =
1

(�ω)2

∑

k

v(k)IN (ω0 + k�ω),

£¤¥ �ω | è £ à §¡¨¥­¨ï ¯® ç áâ®â¥ ¨ {v(k)} | ®¤¨­ ¨§ ¯à¨¢¥¤¥­-

­ëå ¢ëè¥ ­ ¡®à®¢ {vr,n(k)}, ¬ë ¨ ¯®«ãç¨¬ ®æ¥­ªã ¢â®à®© ¯à®¨§¢®¤­®©

á¯¥ªâà «ì­®© ¯«®â­®áâ¨.
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4. �æ¥­ª¨ âà¥âì¥© ¯à®¨§¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨.

�«ï ¯®áâà®¥­¨ï ®æ¥­®ª âà¥âì¥© ¯à®¨§¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨

­ ¬ ¯®âà¥¡ãîâáï ­ ¡®àë ¢¥á®¢ëå ª®íää¨æ¨¥­â®¢ {v(k)}, ã¤®¢«¥â¢®àï-
îé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬: v(−k) = −v(k),

∑

k

kv(k) = 0,
∑

k

k3v(k) = 6

¨ (¤«ï àï¤  ­¥ç¥â­ëå §­ ç¥­¨© r > 5)

∑

k

kjv(k) = 0, j = 4, r − 1.

Ǳà¥¤« £ ¥¬ë¥ ­ ¬¨ ­ ¡®àë {vr,n(k)}, ã¤®¢«¥â¢®àïîé¨¥ ¢á¥¬ ¯¥-

à¥ç¨á«¥­­ë¬ ¢ëè¥ ãá«®¢¨ï¬, ®¯¨áë¢ îâáï á®®â­®è¥­¨ï¬¨

v
5,n(k) =

[
1

2

w
4,n(k − 2)− 2w

4,n(k − 1) + 2w
4,n(k + 1)− w

4,n(k + 2)

]
,

v
7,n(k) =

1

8

[−w
6,n(k − 3) + 8w

6,n(k − 2)− 13w
6,n(k − 1)

+ 13w
6,n(k + 1)− 8w

6,n(k + 2) + w
6,n(k + 3)℄,

v
9,n(k) =

1

240

[7w
8,n(k − 4)− 72w

8,n(k − 3) + 338w
8,n(k − 2)

− 488w
8,n(k − 1) + 488w

8,n(k + 1)− 338w
8,n(k + 2)

+ 72w
8,n(k + 3)− 7w

8,n(k + 4)℄

¨

v
11,n(k) =

1

30240

[−205w
10,n(k − 5) + 2522w

10,n(k − 4)

− 14607w
10,n(k − 3) + 52428w

10,n(k − 2)− 70098w
10,n(k − 1)

+ 70098w
10,n(k + 1)− 52428w

10,n(k + 2) + 14607w
10,n(k + 3)

− 2522w
10,n(k + 4) + 205w

10,n(k + 5)℄.

�¨á«® ®â«¨ç­ëå ®â ­ã«ï ª®íää¨æ¨¥­â®¢ ¢ ª �¤®¬ ¨§ ­ ¡®à®¢ {vr,n(k)}
à ¢­® n(r−1)+1. �æ¥­ª  âà¥âì¥© ¯à®¨§¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨
áâà®¨âáï â¥¯¥àì á ¯®¬®éìî á®®â­®è¥­¨ï

D3fN (ω0) =
1

(�ω)3

∑

k

v(k)IN (ω0 + k�ω),
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£¤¥ {v(k)} | ®¤¨­ ¨§ ¯à¥¤« £ ¥¬ëå ­ ¬¨ ­ ¡®à®¢ {vr,n(k)}.

5. �æ¥­ª¨ ¯à®¨§¢®¤­®© ç¥â¢¥àâ®£® ¯®àï¤ª  á¯¥ªâà «ì­®©

¯«®â­®áâ¨. �«ï ¯®áâà®¥­¨ï ®æ¥­®ª ¯à®¨§¢®¤­®© ç¥â¢¥àâ®£® ¯®àï¤ª 

á¯¥ªâà «ì­®© ¯«®â­®áâ¨ ­ ¬ ¯®âà¥¡ãîâáï ­ ¡®àë ¢¥á®¢ëå ª®íää¨æ¨-

¥­â®¢ {v(k)}, ã¤®¢«¥â¢®àïîé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬: v(−k) = v(k),
∑

k

v(k) =
∑

k

k2v(k) = 0,
∑

k

k4v(k) = 24

¨ (¤«ï àï¤  ç¥â­ëå §­ ç¥­¨© r > 6)

∑

k

kjv(k) = 0, j = 5, r − 1.

Ǳà¥¤« £ ¥¬ë¥ ­ ¬¨ ­ ¡®àë {vr,n(k)}, ã¤®¢«¥â¢®àïîé¨¥ ¢á¥¬ ¯¥à¥ç¨á-

«¥­­ë¬ ¢ëè¥ ãá«®¢¨ï¬, ®¯¨áë¢ îâáï á®®â­®è¥­¨ï¬¨

v
6,n(k) =

1

4

[w
4,n(k − 3)− 2w

4,n(k − 2)− w
4,n(k − 1)+

4w
4,n(k)− w

4,n(k + 1)− 2w
4,n(k + 2) + w

4,n(k + 3)℄,

v
8,n(k) =

1

48

[−5w
6,n(k − 4) + 32w

6,n(k − 3)− 44w
6,n(k − 2)

− 32w
6,n(k − 1) + 98w

6,n(k)− 32w
6,n(k + 1)

− 44w
6,n(k + 2) + 32w

6,n(k + 3)− 5w
6,n(k + 4)℄,

v
10,n(k) =

1

240

[8w
8,n(k − 5)− 73w

8,n(k − 4) + 264w
8,n(k − 3)

− 284w
8,n(k − 2)− 272w

8,n(k − 1) + 714w
8,n(k)

− 272w
8,n(k + 1)− 284w

8,n(k + 2) + 264w
8,n(k + 3)

− 73w
8,n(k + 4) + 8w

8,n(k + 5)℄

¨

v
12,n(k) =

1

30240

[−293w
10,n(k − 6) + 3352w

10,n(k − 5)

− 16816w
10,n(k − 4) + 44984w

10,n(k − 3)− 40179w
10,n(k − 2)

− 48336w
10,n(k − 1) + 114576w

10,n(k)− 48336w
10,n(k + 1)

− 40179w
10,n(k + 2) + 44984w

10,n(k + 3)− 16816w
10,n(k + 4)
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+ 3352w
10,n(k + 5)− 293w

10,n(k + 6)℄.

�¨á«® ®â«¨ç­ëå ®â ­ã«ï ª®íää¨æ¨¥­â®¢ ¢ ª �¤®¬ ¨§ ­ ¡®à®¢ {vr,n(k)}
à ¢­® n(r − 2) + 3. Ǳ®« £ ï â¥¯¥àì

D4fN (ω0) =
1

(�ω)4

∑

k

v(k)IN (ω0 + k�ω),

£¤¥ {v(k)} | ®¤¨­ ¨§ ¯à¨¢¥¤¥­­ëå ¢ëè¥ ­ ¡®à®¢ {vr,n(k)}, ¬ë ¨ ¯®«ã-

ç¨¬ ®æ¥­ªã ¯à®¨§¢®¤­®© ç¥â¢¥àâ®£® ¯®àï¤ª  á¯¥ªâà «ì­®© ¯«®â­®áâ¨.

� ª«îç¥­¨¥. Ǳà¥¤« £ ¥¬ë¥ ­ ¬¨  «£®à¨â¬ë áâ â¨áâ¨ç¥áª®£®

®æ¥­¨¢ ­¨ï ¯à®¨§¢®¤­ëå á¯¥ªâà «ì­®© ¯«®â­®áâ¨ f(ω) ��Ǳ {X(k),
k ∈ Z} ¯à®áâë ¢ ¨á¯®«­¥­¨¨, ­¥ âà¥¡ãîâ ¯à¨¢«¥ç¥­¨ï £à®¬®§¤ª¨å

¢ëç¨á«¨â¥«ì­ëå ¯à®æ¥¤ãà. �® ¢á¥å á«ãç ïå (¯à¨ ¢ëç¨á«¥­¨¨ ¯à®¨§-

¢®¤­ëå äã­ªæ¨¨ f(ω) ¯®àï¤ª®¢ v = 1, 2, 3, 4) ¯à¥¤« £ ¥¬ë¥ ­ ¬¨ ­ -

¡®àë ¢¥á®¢ëå ª®íää¨æ¨¥­â®¢ {vr,n(k)} ¯à¥¤®áâ ¢«ïîâ ¨áá«¥¤®¢ â¥«î
¢®§¬®�­®áâì è¨à®ª®£® ¬ ­¥¢à  ¢ ¢ë¡®à¥ ¯ à ¬¥âà®¢ ®æ¥­ª¨ ¯à®¨§-

¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨ ¨§¡à ­­®£® ¨¬ ¯®àï¤ª . Ǳà¨ íâ®¬ ¢®

¢á¥å á«ãç ïå ãáâà ­ï¥âáï ¯®£à¥è­®áâì, ¢®§­¨ª îé ï ¯à¨ ¯¥à¥å®¤¥ ®â

â¥®à¥â¨ç¥áª®© ®æ¥­ª¨, ¢ª«îç îé¥© ¢ á¥¡ï ¨­â¥£à « ®â ¯à®¨§¢¥¤¥­¨ï

¯¥à¨®¤®£à ¬¬ë ­  âã ¨«¨ ¨­ãî ¢¥á®¢ãî äã­ªæ¨î v(x), ª ¥¥ ¬ è¨­­®©

à¥ «¨§ æ¨¨. Ǳà¨¬¥­¨â¥«ì­® ª ®æ¥­ª¥ ¯¥à¢®© ¯à®¨§¢®¤­®© äã­ªæ¨¨

f(ω) à¥çì ¨¤¥â ® ¯®£à¥è­®áâ¨, ¢®§­¨ª îé¥© ¯à¨ ¯¥à¥å®¤¥ ®â ¨­â¥£à -

«  (2) ª ¨­â¥£à «ì­®© áã¬¬¥, à¥ «¨§ã¥¬®© ­  ���.
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