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NMPEO®PAKTAIbI KAK UICTOYHUK
HOBbIX OPOBHO-PALIMOHATNBbHbLIX
NMPUBNMXEHUN ®YHKLUUNA, UMEIOLLIUX
®PAKTAINBbHOE NPEOCTABIIEHUE

Prefractal as the source of new rational approxi-
mations of functions with a fractal representation.

CTaTba NocBsiLLEHa akTyanbHOW npobrieme YCKOPeHUs CXoaMMOCTV MHO-
FOMNEHHBIX U APOBHO-paLMOHanbHbIX NPUBKEHUN PYHKUMIA. B Teopumn npubnmxeHns dyHKUMi
4acTo UCMOMb3yeTCs NAes YMeHbLUEHUS UHTepBana UMeHeHUst apryMmeHTa Kak MeToAa yCKopeHust
CXOAMMOCTW CTEMeHHbIX U APOBHO-paLMOHanNbHbIX NPUBIMKEHUA, anmPOKCMMUPYIOLLMX AaHHY0
dyHKUMto. B cTaTbe, ncnonb3ys aTy naeto, cHa4ana Ans AaHHoW YHKLUM CTPOUTCH BETBSLLAACS
LienHas Apobb, BETBAMU KOTOPOWN ABMSAOTCS MO0 pyHKLUMOHaMNbHbIE psdbl, MO0 dyHKLMOHaMb-
Hble LienHble Apobu. B aTom criyyae BeTBsLLascs LenHasa Apobb, npeactaenstoLas cobon AaHHyo
dyHKUMIO, SBMAETCA (PpaKTanom U OQHOBPEMEHHO CXXUMAET MHTEpPBarn U3MEHEHUs: apryMeHTa B
2k (k =1, 2, ...) pas, rae 2¥ — yncno BeTBeW BeTBALLENCS LenHon Apobu. To ecTb BbluMCNEHME
AaHHOW PYHKUMM B TOYKE X CBOAWTCSH K BbIYMCMEHUAM B TOUKe X/2K, 4TO eCTeCTBEHHO W BreyeTt
YCKOpPEHME CXOAMMOCTU CTEMEHHbIX M APOOHO-pauMoHanbHbIX NpUOkKeHWn. ns nocTpoeHns
HOBbIX APOBHO-paLIMOHanNbHbIX NPUBNXXEHNI BETBALLAACA LienHas Apobb (dbpakTan) saMmeHseTcs
npeadpakTanom — BeTBALLEWCA LenHon Apobblo C KOHEYHbIM YMCIIOM 3BEeHbeB. 3a4echb Kaxaoe
3BEHO 3aMEHSIETCS MHOTOYNEHOM NMBO KOHEYHOW LienHon Apobblo. B pedynsrate MOXHO nony4ntb
CKOJb YrOAHO MHOIO paLMOHanbHbIX MPUONKEHNIA.

The Article is devoted to the problem of accelerating the convergence of
polynomial and rational approximations of functions. In the theory of approximation of functions
often used the idea of reducing the interval change in the argument as a method to accelerate the
convergence of exponential and rational approximations, approximating this function. In this article,
using this idea, a first for this function builds a branching continued fraction, whose branches are
either functional series, functional or chain fractions. In this case, the branching continued fraction
representing this function is a fractal and at the same time compresses the range of variation of the
argument in 2% (k = 1, 2, ...) time, where 2* is the number of branches of the branched chain frac-
tion. That is, the computation of this function at the point x is to compute x/2*, which is natural and
leads to acceleration of convergence of exponential and rational approximations. To build a new
rational approximations of branching continued fraction (fractal) is replaced by prefractals — chain-
branching fraction with a finite number of links. Here each link is replaced by the polynomial finite
chain fraction. In the result, we can obtain arbitrarily many rational approximations.

KnioueBble crnoBa: annpokcumauusi, yHKUMOHanbHble psabl, LEnHble

Apobw, dpakTansl, CXOAUMOCTb.

Key words: approximation, functional series, continued fractions, fractals,

convergence.

BeepeHue

B craresx [4, 5, 6] monydeHsl pa3inoKeHus TPUTOHOMETpUYeC-
KHX, THIEPOOIHYSCKUX W MTOKA3aTeIbHON (PYHKIUI B BETBSIINECS LEIHBIC IPO-
O ¢ KOHEYHBIM U OECKOHEYHBIM YUCIIOM BeTBeil. [lokazaHo Tak e, 4TO BETBS-
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myecs LEMHble Jpodu ¢ OECKOHEUHBIM YHCIOM BETBEH SABISAIOTCA (paKkTazaMi,
a COOTBETCTBEHHO BETBAIIMECS ICTIHbIC APOOM C KOHEUHBIM UHCJIOM BETBEH —
npendpakrabl.

HcTounrkamu OMyYeHHsT IPOOHO-PAIIOHATBHBIX IPHOIIKEHUH (QYHKIUIA
OJTHOTO TIEPEMEHHOTO SBJISIOTCS (YHKIMOHAIbHBIE IenHble ApoOu [1], Tabnuia
[Mage [2], Hamnydmue TpoOHO-paIoHaIbHBIC TpUOImkeHus [3] u ap. B crartbe
[7], ucnome3yst mpendpakTansl (paKTaTbHOTO MPEACTABICHUS (QYHKIUU 1g(x),
MIOCTPOCHBI HOBBIE JPOOHO-pAllMOHANBHBIC TNPHOMIDKCHUS 3TOH (QyHKIUH U
MIPUBE/ICHBI OIICHKN OCTaTOYHBIX YJICHOB.

MocTtaHoBKa 3apaum

31ech MOIyYnM HOBBIE IPOOHO-paIlMOHATIBHBIC TPHONTMKCHIIS
g pyHkimu y = sh(x) Ha otpeske [0; /4] U OLEHKH UX OCTaTOYHBIX YJIEHOB, UC-
HONb3ys IpendpakTansl (GPaKTATEHOTO MPEACTABICHHS (QYHKIHH.

MeTogonorua n MmeToabl UCCrefOBaHUA

OCHOBHBIMH METOJIAMH JIJIsl BEIYMCIICHUS (DYHKIIMK Ha KOMITBIO-
Tepe SBISIOTCS: CTEIICHHBIE Pa3IOKEHIS, PAIIHOHATBHBIC TPUOIIKESHUS, Pa3IIoiKe-
HUS B LIETIHBIE APOOU, UTEPATUBHBIE IPOLIECCHI U IPyTHE.

1. B pmanpHeiimeM HaM MOHAIOOSATCS CIEIYIOIINE Pa3IoKECHUS
¢dbynkuutii [1, 3]:

e 22<k 22'/( -1 T
h _ ( ) B.. . 2k—l’ <=, 1
t (x) ; (Zk)/ 2% X ‘X‘ ( )

2
e By — yucna bepnymu;
2 2
hx=" T X <SG @)
1+ 34+ 5+..4+2k+1+... 2
0 2k+1
; 3
Z‘(zk r @)
3 2 2 2
3 11 25
shx=x+2 X al X 4)

310+ 42 — 66 +...

Pamy (3) cooTBeTCTByeT MOCIENOBATENBHOCTh YAaCTHYHBIX
CyMM (TeHIOPOBCKMX MHOTOYJICHOB) M OLEHOK HOPM HX IOT-
PELIHOCTEMH:

A(x)=x,
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3

P3(x)=x+%, ||r3||c[o;ﬂ <2.53-107%
3 5

P (x)= x+§+§ . do }<3 69-107;  (5)
x )C5 x7

B =x+20+ Il o }<3 16-1077;

3 5 7 9
Pg(x)=x+x—+x—+x—+x—,
oSt 79

ol <177-10°

U TaK jgajee.
HenHoit npobu (4) COOTBETCTBYET IMOCIEIOBATEIBLHOCTh €€
MOJXOSIIIUX APOoOeH U OIIEHOK HOPM MX TOTPEIIHOCTEH:
x
O(x)=—,
1
x 5
P T, . -3,
0,(0) =T+ ||r2||c{0;ﬂ<2.53 107%;
X, X 3x
X)=—+— —, 7, <4.24-107;
OW=T+3 o lelefocz]  (6)
x x 3x 11¥
X)=—+— — ——, 7, £1<2.31-107;
Q4( ) 1 31— 10 + 42 ” 4"{0;1]
x X 3x 1lx* 25%°
X)=—F— — — —, £1<1.75-107°
=T 5 0+ 42 - 66 ”C[O;z]
U TaK Jajnee.

2. Teneps mis dyHKIHH y = sh(x) MOCTpoUM ee (ppakTaJbHOE
MpeICTaBIICHHE.

Bo3bMeM U3BeCTHOE peoOpazoBaHme

2h (W31 # 1) ™

U NpeacTaBuM €ro B BUJC!

-2
shix)=—— .
gr_ 1 ®)

2
2
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Eciu BMecTo GyHKIUHK y = th X/; IOICTABUTH €¢ Pa3IoKEHHE B
LEMHYI0 Jpo0b, TO MOIYYUM Pa3oKeHHE QYHKINUU ) = sA(X) B BETBSILYIOCS IICTI-
HYIO APOOb C IBYMSI BETBSIMU:

-2
= )
sh(x) . - I ,
2
z z
1+ 5 2

3+ z 1+ 2

5+ . 3+ z

X
e z = —.
Ecimu s dyHKimn y = th ¥/, BOCIIONb30BaThCsl PAaBEHCTBOM

thX=—2 , (10)
X 1
th=+—

2 px
2

TO st PyHKIUH y = sA(x) TOTYINM CIIETYIOIIee IPEICTaBICHIE:

-2
sh(x)= 3 ] . (11
thf+ ! 2 ]
hr e
ot
4

Ecmu BMecto dynkuuu th ¥4 B npencrasnennu (11) moxcra-
BUTH €€ Pa3JIOKEHHE B LIETTHYIO Ipo0b (2), To MOTYyYHM pas3iiokeHue sh(x) B BETBS-
HIYIOCS IIETTHYO IPOOb C Y€THIPHMS BETBSMHU:

sh(x) =

- ’(12)

. z
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X
e Z = —.
4

Ecnu Bocnosib3oBathest paBeHcTBOM (10), TO U151 pasznoxenus (12) noxydum
Clleiytollee NpeICTaBICHUE:

-2
sh(x) = > ]
2 . 1 B 2
! 2 1 2 —+ ; (13)
8 m* wmrii . oty 1
h’ A M
8 8

Ecin Bmecto dynkumm th*/g B mnpencraBiennu (13) moxcraButh ee
pa3iokeHUe B IEIHYIO JIPOOb, TO TOIYYHM pasjoKeHUe Y = s/(X) B BETBSIILYOCS
LEMHYI0 Jpo0b C BOCEMbIO BETBAMH:

shix)=— 2 . 19
R(z) - ——
R(z)
rae
-2
R(z)= . 1 ,
z N a
72 z z
I+ z2 z z* i z (15)
3+ 1+ 5 I+ 3 i
5+, 3+ z 3+ z 1+ 7
: 5+ 5+ 3+
’ 5+.
% :
Z=—.
8

[pouece «pa3MHOXKEeHUs» BeTBeH npeacTaBieHus (14) MOXKHO IIPOJIOIKHTD,
B PE3YJIBTATE YETO MONYYUM CKOMb YTOIHO MHOTO PA3IOKeHUH QYHKIHU y = sh(x)
B BETBAIIMECS TIETTHBIE APOOH, B KOTOPBIX apTyMeHT UMeeT B X/2k, a 2k — uuciio
BetBeit (k=1,2,3, ...).

Bceatu paznoskeHns 001a1a10T CBOHCTBOM: KaX/10€ M3 HIX IEPBOHAYATBHBII
orpe3ok m3MeHeHust aprymenta [0, a] cxumaer B 25(k = 1, 2, ...) pas, TO ecTh
NEepBOHAYAIBHBIH OTPE30K M3MEHEHHS apryMeHTa OToOpakaeTcs Ha OTPE30K

[0,4/24].



46 | «HAYKA. HHHOBALIUM. TEXHOJNIOTMM>»
Ceepo-KaBkasckuii chefepanbHblii yHuBepcuTeT

Eciu nonoxuts k = oo, To B paznoxeHun GpyHKuu y = sh(x) Oynem umeTb
2k BeTBeid, TO €CTh MONYYNM MHOKECTBO BETBEI MOIIIHOCTH KOHTHHYYMA; APYTHMH
CJIOBaMH, IOJTYUHUM LIEJIOE «IAEPEBO» BETBEH

sh(x) = —2 > (16)

R(th ’;j o
2 R(th 2’2)
e  R(th x/zk) — 9TO B 00IIIEM CiTydae BETBSIIASCS EMHas 1po0s ¢ 24! BeTBsIMH.

B sToM nepeBe BeTBeil BeIIETUM 0a30BYI0 (hopMy

- (17)
1 17
R(z)— ——
(Z ) R(Z)
e R(z) - Takas ke 1Mo GopMe KOHCTPYKIHMS Kak U (16), HO KaxkIblid pa3

B IIPOLIECCE Pa3MHOXKEHUS BETBEH C yMEHBIIAOIUMCS B 2 pa3a
3HAUEHHEM apryMeHTa, TO €CTh

2= (k=12,-")

2k
bazoBas ¢opma (17) moBropsiercss OECKOHEYHO CO BCE YMEHb-
HIarouMMces 3HaY€HUEM apryMeHTa, TO €CTb MHOXCCTBO BETBEH TpCACTaBICHUA
(16) siBnsieTcst ppakranom [8]. Torma MHOXKECTBO TIPaBbIX YacTel MpeCTaBICHHUHA
9), (12), (14) — mpendpaxrabl.
[pendpakran (9) npuMeHHM i TOCTPOCHUS APOOHO-PALMOHATBHBIX
npuOJIMKEHUH QyHKIUH ¥ = sh(x). [y aTOro npeadpakrai npeIcTaBuM B BUIE:

) X
shx)=————— =7,
T(z)-
T'(z)
e 71(z)— teiopoBckuil psa (1) wiu nenHas 1poos (2).

3amensis 7(z) TEHJIOPOBCKMMH MHOTOWIEHAMH (4aCTHYHBIMU
cymmamu psiga (1)), momydum cieayronme ApoOHO-palioOHaTbHbBIC TIPUOIKEHHS
it GYyHKIHHA y = sh(x)

__28@) .
Spl(z)_ I—RZ(Z)’
Sp3(z)_1—P32(z)’ ||r3||c[0;ﬂ<3.7 107
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2PZ _4
sps(2) =1 > P(z()) [ ||[ }<23 10
25(2) s
P =" 70 I ||{ ]<15 10-

U Tak jJaljiee.

3amenss Tenepsb 7(z) MOAXOAIIIUMH APOOSIMHU IETTHOH 1podu (2), momydnM
CIIeYIONTHE IPOOHO-palMOHALHBIC IPUOIDKEHYSI VT GYHKINHU ) = sh(X):

sd,(z) =iQé%, "rl"C[O;ﬂ <6-107%;

s@@zi%?yuﬂ*ﬂ<ﬂdw;

sdy(2) = [l <2510

)= 2o [l <6107

sds(z)zlz_QQSEZ), I ||[ }<94 107"

3. Bosbsmewm tenepb npendpaxran (11) wnu (12) ¢ yeTbipbMs BeT-

BSMH
2 2
sh(x) = 7 ) ] , Z= %
T(z)+ ! 2 I
O e+~
T(z)
rne  1(z) - TeinopoBckuil psag (1) wnum nennas apods (2).

3amensist 7(z) TEHJIOPOBCKUMH MHOTOWICHAMHU (YACTHYHBIMU
cymmamu psaja (1)), moayuum ciemyromye JpoOHO-palliOHAIBHBIE TPUOIKESHUS
Jutst GyHKIMA y = sh(x):
4R(2)-(1+ A’ (Z))

hP(z) = ALIS 1310
e S Gk
4RE)-1+P() .
hP(z) = Snth 2.2-10°
RO ey ke
_4R()-(+P(2) .
shP.(z) = 1P @) ... do }<33 10° (18)
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4P(2) (1+ B(2))
(1-P(2))’
AR (2)-(1+ B (2)
(1-F(2))’

ShE(2) -  Blozj<s210%
4

ShE,(2) =

- [plfoz) <8-1-107
4
M Tak jganee.

3ameHsis Tenephb 7(z) MOIXOASIIMMHU APOOSMHE LEITHOW Apodu
(2), monyuyum cieayromnye ApoOHO-PAMOHATBHBIC MPHONMMKCHUS s (DyHKITHH

y = sh(x):

40,(2)- 1+ 0 (2)

shQ,(z) = ooy ||r1||C[0;ﬂ<1.2.10*2;
02— 4Q2((1z3 g(; ;% () gz <3510
shQS(z)=4Q3((lzz'§?§)i(z)), oz <39:10% o)
sh0,(2) = 4Q“((IZE gz;%i(z) ), Il z] <2.4-107%
3h0,(2)= 242 '&;%{(Z” il s <0010

M TaK Jajiee.

O6cyxaeHne pe3ynbTaToB UCCrefoBaHUA

[IpoBeneHHBIC BHIYUCIUTEIBHBIC YKCIIEPUMEHTHI OKA3bIBAIOT
CJICMTYOIIME PE3YIIBTATHI: B IpeAdpaKTazax BETBU MOKHO C YCIIEXOM alllPOKCUMH-
pOBaTh Kak TEHIOPOBCKUMH MHOTOUJICHAMH, TaK U MOAXOASAIIMMU HEITHBIMU APO-
OsIMU; aHAJIN3 OLIEHOK HOPM OCTATOYHBIX WICHOB MPUOIMKESHUH OTaeT IpeInod-
TCHHE ANMPOKCUMAIINH BETBEH Mpea(pakTaaoB (yHKIIMOHAIBHBIM IIETTHBIM JPO-
0sim (cmotpw (18), (19)).

Crenyer Tak e OTMETHTB, UTO C YBEIMUCHHUEM YHCIIa 3BCHBEB Ipe(paKTana

Ka4y€CTBO aHHpOKCI/IMaHI/Iﬁ SHAYUTCJIbHO yIy4IlIaeTCs.

BbiBOAbI

[Ipotecc momyueHHsT HOBBIX APOOHO-PAMOHANBHBIX TPHOIH-
xKeHUH U1t GyHKUUU ¥ = sh(x) Ha oTpeske [0; T/4] MOXKHO NPOJOKUTH KaK YTOIHO
naneko. [Ipu 3ToM OLIeHKHM HOPM OCTATOYHBIX YJICHOB PUOIKESHHUH 3HAYUTEIILHO
YMEHBIIAIOTCSI, TO €CTh KAY€CTBO AIIPOKCUMALUI TOJIBKO YIIydlIaeTcs.
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