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Paboma noceswena naunyuweri annpoxcumayuu Ciy4aiHou 8eIUYUHbL ¢ NOMOULIO
HeKOmopo2o Habopa cry4aunvlx eeludut. Becoma ynompebumensHa annpokcumayus
NOCPeOCmBOM JUHEUHbIX KOMOUHayutl ynomanymozo uabopa. B nacmosaweii cma-
mbe 9MOMm Npuem HeCKONbKO PACWUPEeH C UCHONb308AHUEM MAKH#Ce NOAUHOMUATb-
HbIX (DYHKYULL d1emenmos 3mozo Habopa. Eciu cmenenu nonunomos npoussonvhbl,
Mo 35MO NPUEOOUN K ANNPOKCUMAYUU NOCPEOCTNBOM YCIOBHO20 MAMEMAMUYECKO20
ONCUOAHUSL CIYHAUHOU 8ETUYUHBL OMHOCUMETbHO 9M0o20 Habopa. Onucarvl TuHelHble
NPOCMPAHCMEA CNVYAUHLIX 8ENUYUH, 8 KOMOPLIX YKA3AHHbIE Memoobl annpoKcuma-
Yuu npusoosim K 0OHOMY U HOMY dce Pe3Vibmamy.

Knrouesnie cnosa: ciydaiinas BeITHIUHA, allIIPOKCHMAIINS, YCIOBHOE MAaTEMaTHIECKOE
OXHJIaHHUE, XapaKTepUCTHUECKas (QYHKIIUS, pacIpeieeHue.
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The article deals with the best approximation of a random variable by a set of
random variables. Approximation by means of linear combinations of the above set
is rather common. In the article this approach is extended to use of polynomial
functions of this set elements. If degrees of polynomials are arbitrary then it results
in approximation by means of a conditional mathematical expectation of a random
variable concerning this set. Linear spaces of random variables are described in
which the specified methods of approximation result in the same result.
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Beenenue. IlocTanoBka 3agauu. PaccMOTpuM NpoOCTpaHCTBO ¢ MEPOM
(X, P) 1 cooTBeTCTBYIOIIEE THIBOEPTOBO pOCcTpaHcTBO Lo (X). ITycTh na-
Hbl GyHKIWMA f, f1,-- -, fp,. [IpocTeiimmii BapuaHT KIIACCHUECKOH 3aJ1auu
TEOpUHU MPUOIIKEHUH COCTOUT B HAWIyUIIeH anmpoKCUManuud (yHKIUU
f nuneitHON KomMOuHanumed ¢yHkumi f;,2 = 1,--- ,m. 31ech 3aTPOHYTHI
TOJBKO MPHUOMIKEHNS B THIIHOEPTOBOM MTPOCTPAHCTBE; C OOIUMU MPUHITH-
MaM¥ TEOPUU MPUOIIKEHUH MOKHO O3HAKOMHTHCS, HAIpuMep, B paborax
[1-3]. bonee crnenunanbHBIM BOIIPOCAM TEOPHUH TOCBSIIEHBI KHUTH [4, 5].
CoBpeMeHHOE COCTOSTHHE TEOPUU OCBEIICHO B padote [6]. OdueBugHOE pe-
IICHUE YKa3aHHOW MPOCTEHINEeH 3aaun — 3TO Mpoekius QpyHKuu f Ha
JTMHEHHY0 000J7104Ky Habopa f;,i = 1,--- ,m; ycioBUMCs 0003Ha4YaTh 3Ty
npoekuuto depe3 proj(f|fi, -+, fm)-

Paccmorpum crienyromuii, 6onee oOuui “mexaHu3M’ MPUOITHIKEHUS.
byneM cuntarh, yTo 3TH (QYHKIMH UMEIOT KOHEUHbIE L, HOPMBI JUIs BCEX
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p > 1. Jlnga annpokcumanuu GyHKIUH f MCIIOIb3YeM HE TOJIBKO JTMHEHHbIE
KoMOMHAIMK QYHKOUHA f;,¢ = 1,--- ,m, HO U TIPOU3BOJIBHBIC (YHKIIH,
MOJTy4YEeHHbIE KaK MHOTOWIEHbl OT pyHKuuu f;,¢ = 1,--- ,m. bonee Tou-
HO, 3a(UKCUpPYEM LeJI0€ YUCIIO Kk, BO3bMEM MHOXECTBO P, cocrosiiee u3
BCEBO3MOKHBIX MHOTOWIEHOB OT 71 MEPEMEHHBIX C KOMILJIEKCHBIMU KO3(-
¢unmeHTaMu, UMeIUX creneHb < k (110 COBOKYMHOCTU MEPEMEHHBIX);
paccmorpum Benuunny di(f) = inf ||f — p(f1,--+ , fm)ll,p € Py. Ipu-
MeM Takke doo(f) = inf || f — p(f1,-- -, fum)|l, p € UrPx. Takum o6pasom,
371eCh p MpoOeraeT COBOKYIHOCTh BCEX MHOTOYJICHOB OT 1M IEPEMEHHBIX
(mpoun3BOIBHOM cTeneHun). SICHO, 4To

B pe3yJibTare NMPUXOJUM K OECKOHEUHOW IenouKke HpUOIMKEHUH (PyHK-
i f (BKiIrovas “duHambHOE” MpHOIMKEHHE, TPUBOASIIECE K BEINYUHE
doo(f)). Bo3MOXKHO, paccMOTpeHHE 3TO HEMOYKH ISl KOHKPETHBIX KiIac-
cOB (yHKIMI OKaxkeTcs MHTepecHbIM. CrenaeM JUIIb CKPOMHBIA IIar B
3TOM HaIPaBICHUU: U3YYUM YCIIOBHS, IIPU KOTOPBIX BCE BEJIUYUHBI, yKa-
3aHHble B (1), coBManawT; QPyruMu CIOBaMH, MEPEUHCICHHBIE CIIOCOOBI
anmpoKCUMAaLMU He JIAI0T IPEUMYIIECTBA 10 CPAaBHEHHUIO C alllIPOKCUMAIIH-
el oCPeICTBOM JIMHEHHBIX KoMOUHAMK QyHKIwiA. (YnuTarenb, BO3MOXKHO,
COYTET, YTO CJIyYau COBIAJEHUS BCeX BeJWYMH U3 (opmyinsl (1) oTyactu
“IUCKPEAUTHUPYIOT  yKa3aHHbIE METOJbI alMIPOKCHMAIIMH; OJHAKO aHAJIHU3
TaKOH CUTYyallUu SBJSIETCS JOCTATOUHO COJEpKAaTeIbHON 3a/1aueil.)

N35n0:xuM TOYHYIO IIOCTAaHOBKY 3aaayu. Haunnas ¢ 3Toro mecra npen-
MIOJIOXKMM, YTO yKa3aHHas Bbllle Mepa P sBiseTcs BEpOSTHOCTHOM, T.e.
P(X) = 1. bynem 1osp30Barhest S36IKOM M TPAJULHOHHBIME 0003HAYCHH-
MU TEOPUH BEPOSATHOCTEN (HaM MOHAN00ATCS JIUILb CKPOMHBIE CBEJCHHUS
13 3TOW TEOPUH; UX MOXKHO MoYepnHyTh U3 KHUT [7-10]). Takum oOpazom,
yKazaHHble Bblle GyHKUIuu f, fi,---, f,, — 3TO ciaydaliHbIC BEIMYUHBI,
UMeoNe KOHeuHble L,-HOpMbI Ui Bcex p > 1. Hama mens — Bbrdc-
HUTH YCJIOBUSI, IPH KOTOPBIX Bce BemuduHbl di(f), k =1,2,--+ 1 doo(f)
COBIAJAIOT. DTO YCIOBHE PABHOCUIBHO TOMY, YTO

dl(f) :dOO(f)' (2)

N3yunm mpaByro yacTh paBeHCTBa (2). i TOro pacCMOTPUM Cilydai-
ayto Benmaury M (f|f1,- -+, fm) — YCIOBHOE MaTeMaTHYECKOE OXKUIAHUE
CIlydyailHON BeNWYHMHBI f OTHOCHUTENBHO CIy4YaWHBIX BEIWYHMH f;, ¢ =
= 1,---,m. Hanomuuwm, uro Bemuumny M (f|f1, -, fm) MOXHO 3a-
nucarb B Buae g(fi,- -+, fm), U JUIs JTHO00H CydallHOW BEJIMYMHBI BHIA
h(f1, -+, fm) Bomonusiercs paBeHctBO M (g(f1, -+, fm)h(f1,-++ , fm)) =
= M(fh(f1, -+, fm)); 30ech g, h — GopeneBckue ¢yHkuun. OHO 03Ha-
waet, uto M (f|f1, -+, fm) €CThb NPOEKUMs CIydYallHOW BENUYHHBI [ Ha
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3aMbIKaHHE JIMHEHHOTO MPOCTPAHCTBA BCEX CIy4YaWHBIX BEJIMYMH BHJIA
h(fi, -+, fm)) ¢ xoHeuHo#t Lo-Hopmoii (h(f1,---, fm) — GopeneBckas
¢bynkus). Utak, npaBas 4acTh paBeHCTBA (2) — 3TO PACCTOSHHE MEXIY
BEKTOPOM f ¥ yKa3aHHBIM IOIIPOCTPAHCTBOM, a (PyHKIHS, Ha KOTOPOU
TOCTUTAETCS 3TO PACCTOSIHUE, — YIOMSIHYTOE yCIOBHOE MaTeMaTHYECKOE
OXHJIaHUE.

JleBast yacTh paBeHCTBa (2) — paccTOsSTHHE MEX]y BEKTOpoM [ U JH-
HelHO# oOoyioukoit Habopa fi,::- , f;u; 3TO MOANPOCTPAHCTBO SIBISCTCS
YacThIO0 MOANPOCTPAHCTBA, O KOTOPOM TOJBKO 4TO muia peub. Crenosa-
TEJbHO, PABEHCTBO (2) paBHOCWIBHO PABEHCTBY

M(f|f17afm):proj(f’fh?fm) (3)

W3yuum ciyuau, xorga paBeHcTBO (3) umeer mecto. LlenecooOpasHo He-
CKOJIBKO PacIIMpUTh 33/ady, IOCTaBUB €€ CIeAYIOIIHUM 00pa3oM.

3agaua. Oxapaxmepuzosamv 8ce KOHeUHOMepHble NOONPOCMPAHCMEA
L C Ly(X), maxue umo gvinonnsiemcsi pageHcmeo (3) st 1ioowix IUHEetHO
He3a8UcUMblX Habopos f, fi,--- | fm, 63ameix uz noonpocmpancmea L.

OTMmeTHM, 4TO B TaKUX MOAMPOCTPAHCTBAX AHATIOTUYHOE yCIOBUE TaK-
K€ BBITTOJTHSACTCS JUIS IMHEHHO 3aBUCUMBIX Ha0OpoB f, f1, - -+ , fiu, TO3TO-
My MOKHO UCKJIIOUUTH TpeOoBaHHE JTMHEHHON HE3aBUCUMOCTH U3 GopMy-
JUPOBKHU 3a7a4H.

Pemrenne 3amaum. HU3noxenue pesyiabrara. lIpexnae dem mpucty-
MUTh K PEHICHUIO MMOCTABICHHON 3a/1a4i, OTMETUM OJUH OOIIEH3BECTHBIN
KJIaCC MOANPOCTPAHCTB C YKa3aHHBIM B HEU CBOMCTBOM. TakOBBIMM SIBJIS-
I0TCS TOANPOCTPAHCTBA, MOJyUYEHHbIE KaK JIMHEHHas 000J0YKa rayccoBa
Habopa cilydaliHbIX BEJIMYWH, UMEIOIIUX HYJIEBble MAaTEeMaTHUYECKUE OXKH-
Janus [8, 9].

B crenyromux nByX Teopemax ONUCaHBI BCE MOIIPOCTPAHCTBA C YKa-
3aHHBIM CBOMCTBOM (M T€M CaMbIM, JAHO pEIICHHE MOCTABICHHOMN BHIIIE
3amaun). Jisi onmcaHust MOANPOCTPAHCTB YKa3aHbI 0Aa3UChl B HUX; TAKUM
o0pa3om, pelieHne CBEJI0Ch K XapaKTepu3aliu 0a3ucoB, KOTopasi 0COOCHHO
pocTa IS Ciiydasi OpTOHOPMUPOBAHHBIX 0a3ucoB (Teopema 1). Ciydaii,
Korna 0aszuc He MpearoaraeTcs OpTOHOPMUPOBAHHBIM, PACCMOTPEH B Te-
opeme 2.

Teopema 1. ITycmo Oano koneunomeproe noonpocmparncmeo LC Lo (X))

¢ opmonopmuposantvim 6asucom &,k = 1,---  n. Toeda pasrocunvhbl
cneoyrouue YCiosusi:
1) ons mo6ozo nunetino nezagucumozo nabopa {f;;i = 1,--- n} us
noonpocmpancmea L evinonmsemcs pagencmeo
M(filfa,- -+ fo) = proj(filfe, -+ fu); (4)
2) pacnpedenenue ciyuatinozo eekmopa (&1, -+, &,) uHapuanmuo om-

HOCUMENbHO 1106020 OPMOLOHATbHO20 npeodpazosanus npocmparncmea R"
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(m.e. P((&,---,&,) € E) = P((&1,- -+, &) € D(E)) ona mobozo 6ope-
nesckoeo muodcecmea E u 06020 opmozonanvnozo npeobpazosanus D,
Oeticmsyroue2o 6 npocmpancmee R™);

3) xapakxmepucmuuecxasn gyurxyus M (exp(i Y ty&y)) npedcmasuma 6
k=1

guoe s(\/t3 + - - t2) (s — Gynxyus 00Hol nepemenHon).

B teopeme 1 ncnosabp30BaH OpTOHOPMUPOBAHHBIM 0a3UC B TOAIPOCTPaH-
ctBe L. B Teopeme 2 paccMOTpeHO JIMHEWHOE NPOCTPAHCTBO L CilydalHbIX
BEJIMYMH, B KOTOPOM (PUKCHPOBAH MPOU3BOJIbHBIN 06a3uc py, k= 1,---  n,
B L (BO3MOXHO, HE OPTOHOPMHUPOBaHHBIN). PaccMOTpUM KBaJIpaTH4HYO

dopmy Q(t1,--- ,t,) = M(] > tpux|?) n xapakrepuctudeckyro QyHk-
1<k<n
o F(ty, -+ ,t,) = M(exp(i Y tppr)).
k=1

Teopema 2. Pasrocunvusi criedyrowue yciosus:

1) ons mo6ozo nunetino nezasucumozo naoopa {f;;i = 1,--- n} us
npocmpancmea L evinonusemcs pasencmao (4);

2) xapaxmepucmuyeckasn @yuxyus F(ty,--- ,t,) npeocmasuma é euoe
s(Q(ty, - ,t,)), 20e s — yHKyUsE OOHOI nepeMeHHO.

OtMeTuM, 4TO Teopema 2 cieayeT u3 TeopeMbl 1. JlelcTBUTEIBHO,
Habop p,k = 1,--- ,n, momyyaercs U3 OPTOHOPMHUPOBAHHOTO Habopa ¢
MTOMOIIBIO0 JTMHEHHOTO HEBBIPOXKIEHHOTO TpeoOpa3zoBanus. [Ipu sTom ap-
ryMeHT t = (t1,--- ,t,) QyHKumit Q) u F mopBepraercsi COMPSHKEHHOMY
JUHEHMHOMY IpeoOpazoBaHUIO, MPUMEHSST KOTOpoe K (YHKIMAM, yKa3aH-
HBIM B YCIIOBUU 3 TEOpeMbl 1, MPUXOAUM K 3aKITHOYEHHIO TEOPEMBI 2.

[lepexons k 10Ka3aTeNbCTBY TEOPEMBI 1, HAYHEM C MIPOCTHIX (HAKTOB 3
teopuu BepositHocTell. [Ipumem M (&1 [&s, - -+ , &) = A&, -+, &n)-

Jlemma. Cnpaseonuso pasencmeo

OF /0t (0,ta, -+ t,) = iM(A(&, -+ , &) exp (z > tkm) (5)
2<k<n
o1 ecex ty,.
<« JleiicTBUTENIBHO, JIeBasi 4aCcTh paBeHCTBa (5) ecTh

iM (& eXp(i > tkfk)>.

2<k<n
s IMPUBCACHHBIX BBILIC CBOICTB YCJIIOBHOT'O MAaTEMaTU4YCCKOTO OXKHUIaHUS
MONy4aeM, YTO 9Ta BEMYMHA COBIAJAET C MPaBOi YacThIO0 paBeHCTBA (5).
Jlemma nokaszaHna. »
Hoxaxxem Tteopemy 1. Haunem c pokasaresnbcTBa PaBHOCHIBHOCTH
ycnoBuii 2 u 3. [Ipu opToroHanbHOM MpeoOpa3oBaHUM CIIYYaHOTO BEKTOpa
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(&1, -+ ,&,) xapakrepuctuyeckas QyHkuust M <exp(z' > tkfk)) ojIBep-
k=1

raeTcs 00paTHOMY TPeoOpPa30BaHUIO MEpeMEHHbIX. [109TOMY MHBapHaHT-
HOCTb paclpee/iCHUs YKa3aHHOTO BEKTOPa PABHOCUIIbHA HHBAPUAHTHOCTH
XapaKTEePUCTUUCCKON (DYHKIIMH, a TIOCIIeIHEee PABHOCHIBHO TOMY, YTO 3Ta
yHKIWMs mpeacTaBuMa B BUIE (DYHKIUU BEIHYUHBI \/t7 + - - - 2. DTUM
JIOKa3aHa PaBHOCWJIBHOCTb YCIIOBUM 2 U 3 TeopeMsl 1.

JlokaxkxeM paBHOCUIBHOCTH ycioBuid 1 u 2 teopemsl 1. [TycTh BbITION-
HeHo ycioBue 1 Teopembl 1. IIpuMeHHM 3TO yCIIOBHE, B3SB B Ka4eCTBE
na6opa {f;,i = 1,--- ,n} mabop {&, -+ ,&,). Torna npasas 4acTh paBeH-
ctBa (4) paBHa Hymo, otkyma M (&1]&e, -+, &) = A(&s, -+, &) =
13 pasenctBa (5) momydaem, uro OF/0t;(0,ty,--- ,t,) = 0 mns Bcex
to, -+ ,t,. DTO PABEHCTBO MOXXHO HCTOJIKOBaTh TakK: MPOWU3BOAHASA (YHK-
umu F(ty,--- ,t,) Brons Bekropa (1,0,--- ,0) paBHa HymtO B F000# TOY-
ke Bupa (0,ty,--- ,t,). OTMeTnM, 4To ykazaHHbie Bektopsl (1,0, .- 0)
u (0,t9,--- ,t,) OpTOroHANBHBL. [IOBTOPHM 3TO pacCyKICHHE, 3aMCHUB
Habop {&1,&s, -, &} Habopom {G&;, A&, -+ ,GE,}, tne G — mpous-
BOJIbHAS OPTOTOHAJbHAs Marpuia. IIodyduM Cleayroliee: Mpou3BOIHAS
¢byukumu F(ty,--- ,t,) BOOIb MPOU3BOIBLHOTO BEKTOpA € PaBHA HYJIO B
71000 TOYKE =, TAKOW YTO BEKTOPHI € U T OPTOTOHAJIbHBL. Bo3bMeM mpo-
U3BOJIbHYIO KpuByl 0 +— z(0),0 € (0,1), takywo uto |z(o)| = 7 aus
¢ukcupoBanHoro r. Torma KacaTenbHbIN BeKTOp &' (o) OpTOroHaNeH K (o)
U, COIIACHO TPEbIIYIIEMY BbIBOAY, TPOU3BOAHAS (DYHKIIUH BIOJb BEKTO-
pa z'(0) paBra Hymo. CrenoBarensHo, byakims F(tq, - - ,t,) mocTosHHA
Ha yKa3aHHOW KpuBOil. Takum oGpaszom, dyukuus F(ti,--- ,t,) = F(¢)
HOCTOSIHHA Ha JI000# cdepe |t| = r. Tem cambIM, OHA 3aBUCUT TOJIBKO OT
|t|, T.e. BBIOMHEHO yCIOBHE 3, a MOATOMY M PaBHOCHJIBHOE YCIIOBHE 2.
Jloka3zaHo, 4TO U3 yciaoBHs 1 TEOpeMBI CleayeT ycioBue 2.

[Tycts Temeph BBINOMHEHO ycioBue 2 TeopeMmbl 1. Torma BBIOIHEHO
¥ paBHOCHIIBHOE eMy ycnoBue 3. Orcroma OF/0t1(0,ta, -+ ,t,) = 0 mis
BCeX to, - ,t,. Takum oOpazom, 0Oe dacTu paBeHCTBA (5) paBHBI HYIIIO.
Ho mpaBas yacts ects mpeoOpazoBanue Mepsl Dypne — CTunTheca, moiy-
YeHHOU yMHOXeHHeM (yHKimu A(za,--- ,T,) Ha Mepy, 3aJak0IIYI0 pac-
HpefeNieHne CirydaiiHoro Bekropa {&a, - -+ , &, }. Ilo Teopeme eITMHCTBEH-
HOCTH JiJIs TipeoOpaszoBanust Pypbe—Cruntheca B R™, ompenensiem, 4To
A(&, -+ ,&,) = 0, Te. M(&]&, -+ ,&,) = 0. TIOBTOPHB H3IOKEHHOE
n71st Habopa, moydeHHoro u3 Habopa (&1, &2, - - , &, ) OPTOTOHATIBHBIM TIpe-
oOpa3oBaHueM (yCIIOBUE 2 OCTaeTCs B CHIIC U JIJIsl 9TOTO Habopa), 3amuiiemM
crenyromee: eci {v;},1 < ¢ < r — NpoU3BOIbHAS OPTOHOPMHUPOBAH-
Hast cuctema, 10 M (v1|va, -+ , 1) = 0. DTUM 10Ka3aHO IEepBOE YTBEp-
KJICHHE TEOPEMBI JUIS OPTOHOPMHPOBAHHBIX HAOOPOB CITydalHBIX BEJIH-
yuH. YToOBI IOKa3arh €ro g J00il JTMHEHHO HE3aBUCUMOU CUCTEMBI
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{fi,i=1,---,n}, 3aMeHHM ee OPTOHOPMHPOBAHHBIM HAGOPOM, MOJYYICH-
HBIM M3BECTHBIM IIPOIIECCOM OPTOTOHAIM3AIINHY, B KOTOPOM IEPBBII BEKTOP
NPOTIOPIMOHAJIECH BEKTOpY f1. JlanbHeimume paccyKaeHus BIIOJIHE OUEBU/I-
Hbl. Teopema Joka3aHa.

3aMeuaHus U BbIBOABI. JlOKa3aHHAs TeopeMa TaKXkKe MO3BOJIET yKa-
3aTh MPOCTEHIIINE OPTOHOPMUPOBAHHBIE HAOOPHI CITyYaiHBIX BEITMYNH, Ta-
KHX, 4TO B JJMHEHHON 000JI0UKe 3TOro Habopa HaMTyyIlas anipoKCUMAaLUs
3JIEMEHTA MPU MOMOIIY JTUHEHHBIX KOMOWHAIMN 3a/JaHHBIX JIEMEHTOB CO-
BIIQ/Ia€T C aNMPOKCUMAILMEl TOCPEICTBOM YCIOBHOTO MaTeMaTH4eCcKOro
oxunanus. YtoObl chopMupoBaTh Takol HaOOp CledyeT B3sTh Cilydaii-
HYIO TOUKY, PABHOMEPHO paclpe/ieIeHHYI0 Ha n-MEpHON €AMHUYHON cde-
pe, 1 Habop KOOpAMHAT ATOM TOouku. JJ00aBUM, UTO XapaKTepHCTUYECKas
byHKIMSA JaHHOTO HAbOpa BeIpaxaeTcs yepes GpyHkiuu beccens. CornmacHo
TeopeMe, 1000 OPTOHOPMUPOBAHHBIN HAOOP CIIy4alHBIX BEITUYMH, 001a-
JAIOLINI OMUCAHHBIM CBOMCTBOM, IMOJYYaeTcss KaK ‘‘CMeCh’ OINMCAHHBIX
IIPOCTENIINX HaOOPOB.

Paboma evinonnena npu noooepoicke epanma PODOU 11-01-00790a.
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