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Hccnenyrotest o0paTuMble JIMHEHHBIC TU(PEepeHIIUATBHBIC OTIEPATOPHI C OJJHOI HE3aBHCUMOM ITEpEeMEH-
HOM, 0OpaTHBIE K KOTOPBIM TaKXke SBISIOTCS nuddepeHnnansHpiMi. Kak mpuMephl TakMX ONepaTtopoB
paccMarpuBarOTCs ONEepaTophl, KOTOPhIE B HEKOTOPHIX Oa3ucax 3aJaloTcsl BEPXHUMH TPEYTOIbHBIMU
ManI/IHaMI/I, OTJIMYAIOIIUMUCA OT CAUHUYHBIX ManI/IH TOJIBKO nepBoﬁ CTpOKOﬁ. OnepaTopLI TaAKOT 0
BHJIa Ha3BaHbI OTHOKJICTOYHBIMHU. JlOKa3bIBaeTCs, 4TO JIF000M 00paTUMBIN OOBIKHOBEHHBIN JTHHEHHBIN
nuhdepeHIMATBLHBIN OTIEPaTOpP MPEICTABIISICTCS B BUAC KOMIIO3UIIMH OTHOKJIETOUHBIX oniepaTopoB. I1o-
Ka3aHO, Y€MYy paBHO MHUHUMAaJbHOE KOJHMYECTBO OTHOKJICTOYHBIX OTNEPATOPOB B TaKOH KOMITO3ZHITHH.
[ony4eHHBIE pe3yNbTaThl 0000MIAOTCS HA IMHEAPH3ANY HETHHEHHBIX 00paTUMBIX IpeoOpa3oBaHUi
CHCTEM C yTIpaBIICHHEM, IPH KOTOPBIX IEPEMEHHBIC OJHON CHCTEMBI BBEIPAXKAIOTCS HE TOIBKO depes
MIEpEMEHHEIC APYTOi CHCTEMBI, HO ¥ UX MIPOU3BOIHEIC.

KiroueBsle ciioBa: o0paTrMbie 0OBIKHOBEHHBIC JIMHEHHBIC TU(PEePEHIIMATBHBIC OTIEPaToOPhl; Mpeodpa-
30BaHKE CHCTEM YIIPABICHHS

BBenenue

Oo6parumble muddepeHIraIbHbIe OIepaTopbl BOSHUKAIOT P PEIICHHH MHOTHX MaTeMaTH4e-
CKMX 3anad (cM., Hapumep, [1, §2.3], taxxe [2, 3]). Onucanuro oOpaTUMBIX JTUHEHHBIX OOBIK-
HOBEHHBIX JU(PepeHIMaIbHBIX OepaTOPOB MOCBSIIEHBI padboTHl [4, 5, 6, 7]. B [4] momyyena
KJaccu(UKaIys TaKUX ONEPaTOPOB, OCHOBAHHAS HAa COMOCTABICHUHU KaXIOMy 00paTuMOMy OIle-
paropy TaOJIMIbl YMCET U OMUCAHUM 3TUX TAOJIUI] HA HAIVIAHOM 3JIEMEHTAapHO-T€OMETPHUECKOM
s3bIke. Takum 00pa3om, 00paTUMOMY JTMHEHHOMY OOBIKHOBEHHOMY UG depeHIInaIbHOMY Onepa-
TOPY CTaBHUTCS B COOTBETCTBHE DJIEMEHTAPHO-T€OMETPpHYECKast MOJIEITb, KOTOpasi Ha3bIBaeTcs d-cxe-
Mol kBazparoB. B [5, 7] nonydeHo onucanue Bcex 0OpaTUMBbIX ONEPaTOpPOB, UMEIOLIUX OHY U TY
xe d-cxemy. B [5, 6] Bce ykazaHHBIE pe3yabTaThl 0000IIEHBI Ha 00paTuMble 0TOOpakeHUs (PHITb-
TPOBAaHHBIX MOIYJICH, TOPOXKIEHHBIE OMHUM AU(HEepEeHIIMPOBAHUEM (TOYHOE OMPECICHUE CM. B
pas3n. 2). Takue oroOpakeHus ObuIM Ha3BaHbl oOpatuMbIMU D-omeparopamu. bbuio mokasaso,

410 00paTUMBIMH D-0mepaTopaMu SIBISIOTCS, B YaCTHOCTH, 0OpaTUMbIE TMHEWHBIE Pa3HOCTHBIE
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OIIEPaTOPHI € MEPHOANIECKUMHU KoduuneHTamu, auaeapuzanuu C-npeodpazosanuii (cm. [2, 3])
Y YHUMOJYJISIPHbIE MAaTPHULIBL.

B nannoit pabote BBoAMTCS NMOHATHE OAHOKIETOUHOTro [D-omepartopa. Tak Ha3zBaHbl oOparu-
Mble D-omneparopsl, d-CXeMbl KOTOPBIX COCTOSAT M3 OJHOTO KBaJpaTa. YCTaHOBJIEHO, 4TO JIIO0O0H
oOpartuMeblii D-omeparop pasnaraercsi B KOMIO3UIUIO OAHOKJIETOYHBIX, IPUYEM MHMHHUMAJIbHOE
KOJIMYECTBO OJTHOKJIETOUHBIX [)-ONepaTopoB B TaKOW KOMIIO3UIIMU PAaBHO KOJIMYECTBY KBaJpaTOB
d-cxeMbI HCXOTHOTO [D-oteparopa.

Crarbst opranu3oBaHa cieyroumm oopazoM. B pasn. 1 onpenenstorcst oOpaTumble TMHEHHbIE
nuddepeHnranbHbIe OTIepaToOphl C OJHON HE3aBUCUMON nepeMeHHon. B pazn. 2 dopmymupyercs
0000111€eH1E TaKUX ONIEPaTOPOB, a B pa3il. 3 — UX 3JIEMEHTapHO-reoMeTpudeckue moaenu. Pasz. 4
MOCBSIIIEH OMUCAHUI0 00paTUMbIX [)-0IepaTropoB, UMEIOIIMUX OJHY U Ty ke d-cxemy. OCHOBHBIE

pe3ynbTaThl paboThl IPUBOIATCS B pa3il. 5, a X J0Ka3areIbCTBO — B pasll. 6, 7.

1. JIuneiinble nuddepeHunajbHbie ONEPATOPbHI

[Tycte M — omnomepHoe mHOTOOOpasue; A = C°°(M) — anrebpa miaakux (QyHKIHN Ha
M; P, Q — moaymu miaakux (0eckoHedHO IUp(PEpEeHIPYEMBbIX) CEUCHHN ABYX BEKTOPHBIX
paccnoenwii &, ¢ Ham M pa3MEpHOCTH m M My COOTBETCTBEHHO (O TEOPHH PACCIOCHHI CM. [8,
1. 2, 3]). Hamomauwm, uyto ecnu gukcupoBarh koopauHary ¢ Ha M W KOOpAWHATH pi, ...,
Dm B CHOSIX paccioeHus &, TO Jr000e CeueHHe ITOT0 PACCIOCHUS MOXKHO MPEACTaBUThH cede Kak
BexTopryio (yrkmmio p(t) = (pi(t), ..., pm(t))’. AHamormumoe mpeacTaBieHHE CyMIECTBYET
JUIsL CEYECHUH pacclloeHus ¢, KOOPIMHATHI B CIIOAX KOTOPOTO OyzieM 0003HaYaTh 4epe3 1, - . . » Gmq-

[Tycts k — HEekoTOpOe HeoTpuIlaTelbHOE Tesoe uncino. Orodpaxenne A u3z P B Q, 3a1anHOe

B KOOpAHWHATaX COOTHOLICHUAMU BU A

m k l
A(ﬁ@)) = (@), s ame() €Q,  a(t) = lezaijl(t)dpj(t), az € A, (1)
j=11=0
HA3bIBAIOT IUHEUHbIM 0ObIKHOBEHHBIM OUuPpepenyuanrvrvim onepamopom u3 P B Q nopsaka < k.
Yepes ord A 6ynem 0003Ha4atTh nopsiook auddepennunansaoro omneparopa A, T.e. k = ord A,
ecim A — orepaTop MopsiiKa He BEIIE k, HO He SBJSETCS ONEPaTOpOM IMOpsiAKa He BbIe k — 1.
Jluneitnpiii quddepernmansHei onepatop uz P = AB Q = A (T.e. B ciyuae m = mg = 1)
Ha3bIBAIOT CKAIAPHBIM.
®opmymnoit (aTA)(p) = A(ap), p € P, onpenesanm ONEeparro yMHOKEHAS THHEHHOTO -
depennmanpHoro oneparopa A uz P B Q Ha pyHkiuio a € A. MHOXeCTBO BCeX JIMHEHHBIX aud-
(epeHInaIbHBIX OTIEPAaTOPOB MOPSAKA HE BBIIIE &, AEUCTBYIOMUX U3 P B O, IpeACTaBIseT co00i
A-MOJyTb OTHOCHTENIBHO 3TOT0 yMHOXKeHUs. O603HauMM 5TOT Momy/s depes Diff) (P, Q). Us
ompenenenuii cnenyer, uro Diffy (P, Q) C Diffy | (P, Q) mpu k > 0. O6benunenue Diff] (P, Q)
Uit Bcex k > 0 mpenctariser coboit A-Monayib OecKOHEYHOH pa3MepHOCTH. (O003HAYMM €ro
uepes Diff! (P, Q).
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Tak kak nuHeiiHble AU depeHaTbHbIe OIepaTopsl MPEICTABIAIOT c000i 0TOOpaKEHUs, TO
orpeziesieHa ornepaius KOMIIO3ULUU COOTBETCTBYIONIUX oneparopoB. JuddepeHuanbHblil one-
patop A: P — Q Ha3bIBaIOT (08YCMOpOHHE) 0Opamumbsim, €CIIH CyIECTBYET Takoh auddepeH-
1manbHkL onepatop A1 Q — P, uto komnozuuus A~ o A ecTh TOXKIECTBEHHOE OTOOPasKEHHE
moxyist P, a komnosuuus A o A™! — ToxnectBenHoe oTo6paxkenne Moayns Q. B aTom ciyuae
oneparop A~! HazpIBArOT 06pamubim K A.

B koopaunaTax snemenTs! P, Q ynoOHO MpeCTaBIATh B BUJE CTOIO0IOB (PyHKIIHMA, a TMHEHHBIH
omeparop A: P — Q — B BHJE MaTpHIBl CKAJSIPHBIX OreparopoB. HeTpymHo moxaszarh, 4TO
00paTUMBbIH THHEHHBIN T depeHIMaIbHbIN onepaTop 3a/1aeTcs KBaApaTHON MaTpHUIICH.

Ipumep 1. PaccMoTpuM B citydae TpexMepHBIX paccinoenuii £, ¢ oneparopsl A u A1, 3anan-

HbIC MaTpUllaMH

D D?*—t D*—tD+t+1
A=|1 D D? :
D?D?® —tDD* —tD?* + (t +1)D

(t+1)D? D*+1—(t+1)D -1
AT = [tD*> - (t+1)D+1D?>*—D —tD +t :
—tD + 1 -D t

d
rne D = 7 HetpynHo yoeautbces B TOM, 4TO JaHHBIE OTIEPATOPHI SBJISIFOTCSI B3AUMHO OOPATHBIMHU.

2. O000menus JuHelHbIX AU depeHINATBHBIX ONEPaATOPOB

JIroOo¥i nuHEHHbIH OOBIKHOBEHHBIH muddepenmanbhpii oneparop A: P — Q onpene-
nsteT romomopdusm u3 Monyns Difff (A, P) B moxyns Difff (A, Q). A umenno, oneparop 3 €
Diff} (A, P) orobpaxaercs B onepatop o = Ao 3 uz A B Q. Tak Kak MOPSAOK KOMIIO3ULIMH
A o 3 He MOXeT GbITh Gonbie cymmsl opsinkoB A u 3, to o € Diff), ; (A4, Q), tne L = ord A.
Monynbsnas crpykrypa B Diff) (A, P) u Diff] (A, Q) BbIOpana Tak, 4To 1aHHOE OTOOpaXkEHHE
ectb ToMoMopdu3m monyineit. Ecnu oneparop A oOparum, To yka3aHHOE OTOOPaKEHUE SIBIISCTCS
nzomopdpuszmoMm. Ha ocHOBe TaHHON KOHCTPYKLMU MOHATHE JIMHEHHOTO 0OBIKHOBEHHOTO Audde-
PEHIMAIBHOTO OIepaTopa MOKHO 000OIINTH CIEAYIOIIM 00pa3om [5, 6].

[Tycte M — rnagkoe (6eckoneuno auddepeniupyemoe) maoroodpasue; A = C(M); & C
& C ... C & C &y C ... — cucrema BIIOKEHHBIX KOHEYHOMEPHBIX BEKTOPHBIX PACCIOCHUMN
HaJ MHOTOoOOpasueM M ; G; — A-Moaynb IMaKuX CEYSHUI BEKTOPHOTO pacciioenus & as [ > 0.
Torma mmeeM cuctemy BIIOKEHHBIX Monyieit Go C G C ... C G; C Gy C ... Ob6o3HauuM
G = ziLjo (1. Kpome Toro, mycTh cymiectByeT Takoe otobpaxenue D : G — G, uro D(G)) C G111

npu [ > 0, a cOOTBETCTBYIOIINE (PaKTOPOTOOPAKESHUS

D :

G| G
— , 1>0, 2
G Gy @
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e G_; = 0, ectb nuzomopdusmbl A-momyneir. Taxum oOpazom, aist Jr000ro | GakTOpMOIYIb
G111/G) m3omopden Go/G_1 ~ Gy. Tlpu BBINOIHEHUH BCEX ITHUX YCIOBHN OTOOpaxkeHue D
OyzieM Ha3bIBATh NOPOHCOAIOWUM ONEPAmopom, a Motynb G — ¢hunomposannvim moodynem, mopo-
JKACHHBIM MoxayneM (G u omeparopom D (wiu, 6onee kpatko, D-noposcoennvim modynem). Ipu
3TOM, eciu aneMeHT g € G nexut B G\ G;_1, TO 4KCIo | Ha3bIBAIOT Puibmpayueti STOr0 HIEMEHTA.

Monyis Diff! (A, P) sBnsieTcs D-MOpoxIEHHBIM MOJTYJIEM C TIOPOXKIAIOIIMM oriepatopom D,
KoTophIii nement 3 € Diff (A, P) otobpaskaeT B €ro KOMIO3UIIMIO C IPOU3BOHOM 1o t: Dff =
b o % (mokazarenbCTBO CM. B [4]).

T'omomopduzm A ogHOT0 D-NOPOXKIECHHOTO MOYNA F' B ipyroi D-NOpOoKAeHHBINA Moayns GG
Ha30BeM D-onepamopom MopsiAKa He BbBIIIE [, €CIM OH KOMMYTUPYET C MOPOKIAIOIIMMHU OTepa-
topamu, T.e. A o Dp = D¢ o A, 1 yBeHIUBaET QIIBTPAITUIO MIEMEHTOB He OoJiee, 4eM Ha [, T.c.
A(Fy) C Gy anst moboro k > 0, tne Dp, Dg — nopoxnparotiue oneparopsl, a { Fi.}, {G} —
CHCTEMBI BIIOKCHHBIX MTOIMOAYJIeH Moaynelt F' u G COOTBETCTBEHHO.

D-Omneparop A: F' — G Ha30BeM obpamumbvim, €CIIA MOXKHO yKa3aTh Takod [D-omepatop
Al G — F, uto xomnosunus A~! o A ecTh TOXIECTBEHHOE 0TOOpaKeHHe [-MOPOKICHHOTO
monynst F', a komnosunus A o A~ — ToxkaecTBeHHOE 0TOOpakeHHe D-IOPOKIEHHOTO MOy
G. B stom ciryuae D-oneparop A~! HazoseM obpamubim x A.

JIro0oit muHelinblii quddepeHnnanbHblii oneparop U3 P B Q mopsiaka He BhIIIE [ ONPeaeiseT
D-oneparop nopsiaka He Boiuie [ u3 D-noposkaennoro moxyis Diff! (A, P) B8 D-nopoxneHHbIi
momyib Diff! (A, Q). Jluneiinbiii nuddepennranbHblii onepatop 06paTkM TOra U TOJIBKO TOT/IA,
KorJia 00OpaTUM COOTBETCTBYIONIUI eMy [)-omeparop.

Crnenyrone nBa THa OOBEKTOB TAKXKE MHTEPIPETHPYIOTCSA Kak oOpaTtumble [D-omepaTopsl.
PaccmoTpum monuHOMEI OT offHOU mepeMeHHOW. KBanaparHas monvHOMHANbHAS MaTpPHIIA, OIpe-
JICJIATENTh KOTOPOH €CTh HeHYyJIeBasl TIOCTOSIHHAS, Ha3bIBaeTCs yHumooyusaprou [9, §60]. Momyib
CTOJIOLIOB O/THOTO Pa3Mepa, COCTOSIINX U3 IMTOJTMHOMOB, 00pa3yeT D-1opoxIeHHBIH MOTyb, €CIIN
B KaueCTBE MOPOXKIAIOIIETO OMepaTopa B3sATh YMHOKEHUE CTOJIOLIOB Ha MOJIMHOMHAIIBHYIO Mepe-
MEHHYI0. YMHOXEHHE YHUMOAYJIIPHON MaTpHIlbl Ha CTONIOEL ecTh 00paTuMblil D-omeparop.

Obparumeie C-muddepeHnnanbHble OnepaTopbl Ha OECKOHEYHOM MPOJOKEHUU CHUCTEMBI C
yrpasieHneM (moapoOHocTH cM. B [3]) Takke ompenensitor oOparumblie D-omepatopsl. CooT-
BETCTBYIOIIUI [D-NOPOXKIECHHBI MOIYNIb €CTh MOAYJIb KapTaHOBCKHX (OPM, a MOPOXKTAIOLIHIA
OTepaTop COBMAJAET C MOJHON MPOU3BOAHON MO ¢ HA OSECKOHEYHOM MPOAOJKEHHH CHUCTEMBI C
ynpaBieHueM. B atom cimydae M ecTh OECKOHEYHOE TPOJIOIDKEHHE CUCTEMBI C YIIPaBJICHUEM,
a 3HAYHT, SBISETCS OSCKOHEYHOMEpPHBIM MHOrooOpasueMm (cM. [2, mi. 6], [3]). Otmerum, 4to
pe3ynbTaThl JAHHOM CTaThi MPUMEHUMBI M K 3TOMY O€CKOHEYHOMEPHOMY CIIy4al0.

N3 onpenenenus D-nopoxaeHHoro mopyist ' = US  Fj, cienyert, 94To ecind fi, ..., fm —

6asuc monyns Iy, to D f;, i = 1, m, j = 0, k, — Gasuc momyns Fj. W3 onpenencHus xe
D-oneparopa A: F' — G caenyer, 4To

m k m k
A(ZZbiijfi) — S S b DIA(), by € A,

i=1 j=0 i=1 j=0
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[Tostomy mro6oit D-omeparop A ompenensiercsi Habopom smementoB A(f;), i = 1, m. Ecmm

L = ord A, T0 yxa3aHHbIE 2eMeHTHI Iekar B G. A eciu ey, . . ., €,, — 0a3uc moxyna Gy, T0

mo L
k . T
= Z Z al-jkD €, 1= 1, m, ik € A.

j=1k=0

Bripaxenne Buaa XL: apD¥, a;, € A, ay, # 0, onpenenser D-onepatop u3 G B GG, koTopslii yBe-
JTUYUBACT (bnmﬂpaunfo_ gJ‘IeMCHTOB G poBHo Ha L. Takoii oreparop OyJieM Ha3bIBATh CKAIAPHbIM
D-onepamopom nopsinka L. Tak kak nro00ii D-ornepatop SBISETCS TOMOMOP(HU3MOM MOYyJICH
¥ KOMMYTHPYET C MOPOXKIAIOIIUMH OMEepaTopaMu, TO OH KOMMYTHPYET U C JIFOOBIM CKaJSIPHBIM
D-onieparopom.

Takum oGpazom, mroboii D-omepatop A onpenessieTcss MaTpHLEH CKaJISIPHBIX [D-onepaTtopoB

L
A” = Zaijka, 1= 1, m, j = 1, my.
k_

3. CxemBbl KBa/JApaToB

[Mycte A — oOpatumelii D-omniepatop u3 D-TOpOKACHHOTO MOoayas F = OLj Fy B D-nopo-

XJICHHBIA Moys G = U Gy. Hdust paznmuunsix k, [ > 0 paccmorpum nepeceuennst A(Fy) N G;.
Monynu Gy, A(Fy) }IBHSIIOTCSI MOJTYJISIMH IVTaJIKMX CEUYCHHH BEKTOPHBIX paccioenuid Hag M. O0o-
3HaYMM COOTBETCTBYIOIINE paccioeHus yepe3 & u (. 1o ompeneneHuro clion 3TUX pacCiIoeHUi
HaJl TOYKOW ¢ € M MMEIOT MOCTOSIHHYIO Pa3MepHOCTh, He 3aBUCHILYI0 OT t. [lepeceuenue mMo-
ayneit A(Fy) N G sBisieTcst MOIYJIEM [IAJKUX CEYCHHI MePeCceueH s BEKTOPHBIX PACCIOCHHH &
u (. Cnou mepeceueHHs BEKTOPHBIX PACCIOCHHN MOTYT UMETh Pa3Hyl0 pa3MEpHOCTh, 3aBHCS-
iyt ot Touku ¢t € M. Takoll 00bEKT HA3bIBAIOT GEKMOPHBIM PACCIOCHUEM C 0COOEHHOCMAMU.
[Mon pasmeprocmovio mooyna R Tmagkux ce4eHUH BEKTOPHOTO PACcCIOCHUS C OCOOCHHOCTSIMU HaJ|
MHOTo0OpazuemM )N/ Mbl IOHUMAeM LIEIOYHCICHHYIO (QyHKIHUIO, KOTOpas Touke ¢ € M cTaBUT B
COOTBETCTBHE Pa3MEPHOCTH CJI0SI 3TOTO pacciaoeHus Haf t. O603HauuM 3Ty (pyHKIHIO uepe3 dim R.

Iycts L = ord A, a K = ord A™'. Touky t € M GyaeM Ha3bIBaTh d-pe2yApHOl MOUKOU
obparumoro D-omeparopa A, eclii B HEKOTOPOW OKPECTHOCTH ATOM TOYKH MEPECCYCHUE CIIOCB
& 1 (;, IMeeT NOCTOSHHYIO pasMepHocTh it mobbix [ = 0, L u k = 0, K. Takum obpasom, B
OKPECTHOCTH d-peryssipHON TOYKH AJIst ykazaHHbIX k 1 [ pyrkuun dim(A(Fy) N G;) MOCTOSHHBIL.
[anee Oynem paccmarpuBaTbh oOparuMble [-0mepaTopbl TOJBKO B OKPECTHOCTH d-peryisipHbIX
TOYEK.

Kaxnpiit D-onepatop A HOPOXKAAET MOCISI0BATEIBHOCTD IEIbIX HEOTPHUIATSIBHBIX YHCEI
di; = dim(A(Fy) N G;) ans l, k > 0. DTa nocaea0BaTenb-HOCTh OAHO3HAYHO ONpe/eNsieT Hocie-
JIOBaTENIbHOCTh YHCEIT

Py = ¥y — p—10-1, Kk, 1 >0, (3)

e s = digy — dg—1; — dp -1 + dx—1,—1 (monaraem, 4to dj; = sg,; = 0, ecimu k < 0w [ < 0).
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HerpynHo noka3ark, 4To MOCIEAOBATENBHOCTD {d); } BOCCTAHABIMBACTCS OAHO3HAYHO IO I10-
CIIEIOBATEIBHOCTH { py; }. IIpH 9TOM mocnenoBaTensHOCTh {dy b — Bo3pacTaromas, a mocieno-
BATEJILHOCTS { p,; } MMEET TOJIBKO KOHEYHOE YUCIIO HeHYJICBBIX 3HAUYCHUN (CM. J1ajee).

Jlyist omucanust nmocnenosarensHocTeil {pg }, COOTBeTCTBYIOIMX 00paTUMbIM D-omeparopam,
BBeJIEM cienyromue moHsaTus [4]. PaccMoTpuM KOHEUHBIN HAOOp KBaapaToOB, PACIIONOKEHHBIX B
MEePBOI Y€TBEPTH KOOPIANHATHOM INIOCKOCTH, Y KOTOPBIX BEPIIMHBI UMEIOT IIEJIOYHCICHHBIE KOOP-
JIUHATBI, 2 CTOPOHBI MapaJIeIbHBI OCSM KOOpAWHAT. BepxHemy mpaBoMy yriy (T.€. JadbHEMY OT
Hayvajia KOOPAWHAT) KaXKJI0TO KBaJpara MPUITHAIIEM 3Ha4eHHEe — 1, a HIDKHEMY JIEBOMY yTiy (T.e.
OmKHEMY OT Hadajia KOOpAuHAT) — 3HadeHue 1. OTMEeTHM, 4TO KBaApaThl MOTYT IepeceKaThCs
U Jaxe coBmanarh. Eciam ecTh TOYKH, SBISIONIMECS BEPIIMHAMH HECKOJIBKUX KBaJpaToB, 3HA-
YeHUs, HA3HAUEHHBIE 0 KAXKJOMY KBaJpary, B 3THUX TOYKax cyMMupyem. OcCTaabHbIM TOYKaM
MIEPBOM YETBEPTH C ICIIOUUCICHHBIMU KOOPAMHATAMH MPUITHIIIEM HyJIeBble 3HaueHus. [lomyunm
I0CJIEI0BATENbHOCTD YUCEN Py, k > 0,1 > 0. IIpeanonoxum, 4To CyIecTBYET TaKas OCIe10Ba-
TEJIBHOCTB 1I€JIbIX HEOTPULATENBHBIX YUCEII d ;, YTO IMOCIEA0BATENBHOCTD YHCEN Pk | = Pk + Ak

YAOBJICTBOPSACT CIICAYIOIIHUM YCIIOBUAM!

D=0 (1>0); D pry=0 (k>0); (4)
k=0 1=0
> o= pos=m, ®)
k=0 1=0
k-1 -1
Z Pl = 2kl Zpk,j >zpg (B>0,1>0), (6)
=0 =0

rie m € N, zj,; — KONMYECTBO KBaIPaToOB C BEPXHUM MPaBbIM yriioM B Touke (k, 1).

VYkazaHHbII HaOOp KBaJpaToB OydAeM Ha3bIBaTh d-cxemou K6aopamos, a COOTBETCTBYIOLIYIO
3TOMY HabOpy MOCIENOBATEIBHOCTS { py, ; } — m-mabnuyeii d-cXeMbl KBaJpaToB.

OTMeTHM, 9TO d-CXeMa KBa[PaToB ONPEACIISIeT HOCIEA0BATEIBHOCTS { o) ; } HEOAHO3HAYHO, TaK
KaK MOJKET CyIIECTBOBAaTh HECKOJIBKO BAPHAHTOB BEIOOPA MOCIEAOBATENBHOCTH { ) }, HCIIONB3Ye-
MO IS TOJTYYCHHS TTOCIEA0BATENbHOCTH {pk; } (IPUMEPBI TAKHX d-CXEM MOXXHO Ha#TH B [5, 7]).

Teopema 1 ([5, 7]). Ilyctb F' u G — D-nopoxaeHbie MOAyiu, ipudeM Fy ~ A™ ~ G. Torna:

a) [71s1 BCsiKoro obparumoro D-oneparopa u3 F' B G ocinenoBarensHOCTs { oy }, TOCTpOCHHAsI
cornacHo popmyiiaM (3), B OKPECTHOCTH d-pETyIsIPHON TOYKU COBIAJAET C 1M -Ta0IUIIe HEKOTOPOU
d-cXxeMBbI KBaJIpaToB;

0) ecnu d-cxema KBaJpaToB UMEET Mm-Ta0uILy, TO CyIeCTBYeT oOpatumblii D-oneparop u3 £

B (G, OCJIEI0BATEIILHOCTS { p, ;} KOTOPOTO COBIIAACT C JAHHOI 1 -TaOIHLEH.

ITpumep 2. Ha puc. | npexncrasieHs! 1Be d-cXeMbl ¥ UX Tabauubl aucen {py;}. JlaHHbIC
d-cXeMbl HHTEPECHBI TE€M, YTO IMEepBasi COCTOUT U3 OIHOTO KBaJpara, a BTopas ecTh d-cxema s
oneparopa u3 npumepa 1. TlocnemoBarensHOCTH {py;} ITOro omeparopa coBmamaer ¢ u300pa-

KEHHOW Ha puc. 1 3-tabmuueit d-cxembl. KBaaparbl d-cxeMm BbIAEICHBI IYHKTUPHBIMU JTHMHUSMH.
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Puc. 1

Tabmuupl py; u300paxeHsl rpa@UUECK TaK, YTO YEPHBIM I[BETOM BbIIEIICHBI LIEJIOUYUCIEHHbIE
touku (k, 1), 1u1st KOTOPBIX pi; # 0. 3HaueHHe pj; yKa3aHO crpasa cBepxy ot Touku (k, [). B

OCTaJIbHBIX TOYKaX 3HAYCHUS Pk, HYJICBbIC.

4. KonctpyupoBanue odpatumbix D-omepaTropoB

[TokaxkeM, Kak MOCTPOUTH OOpaTHMBI [D-omeparop Mo 3aJaHHOH d-CXxeMe U Kakhe CTPYK-
TYpBl JJIs1 9TOTO elle HYXHO 3aaarh. [lycTs 3amaHa d-cxema KBaapartoB, I HEE MOCTpOeHA
HI0CJIEIOBATENIbHOCTD YHUCEII P, ;, HAWAEHBI TaKHe 1IeJble HeOTPULATEeNIbHbIE YUCTIA A, ;, YTO HA0OP
{pri = Pk + ax,;} ynoererBopsier ycnoBusm (4)—(6). O603HauNM depe3 Z MHOKECTBO BEPXHUX
MIPaBbIX YIJIOB KBAJIPaTOB d-CXEMBI, a yepe3 B — MHOKECTBO JIEMEHTOB JABYX CJIEAYIOIIUX THIIOB.
DIEMEHTBI MEPBOTO THIIA — 3TO HIDKHHE JIEBBIC YIUIbI KBaaparoB. Jlmst kaxmoii mapsl (k, 1) cy-
IECTBYET Gy, IEMEHTOB BTOPOTO THIIA C KoopauHatamu (k, [). B B Her npyrux snemenTos. U3
paBeHCTB (4)—(5) cienyet, 4To cyMMa 4Hcen ai; paBHa m. [lo3ToMy MHOXECTBO B UMeeT Ha m
DJICMEHTOB OOJIBIIE, YEM MHOXKECTBO .

O6Go3HaunM uepe3 Zj; MOJMHOXKECTBO IEMEHTOB Z ¢ koopauHarami (k, 1), a uepe3 By, —
aHAJIOTUYHOE MTOAMHOXECTBO B B. Jlist anementa (3 MHOXKecTBa B i Z 0603Ha4uM depes ¢ (/3)
ero MepByr0 KOOPIMHATY, a 4epe3 c3((3) — ero BTopyo koopauHary. [Iiist aMeMeHTOB [ u (3 u3

MHOXeCTB B u 7 BBCACM CJICAYIOIICC OTHOMICHUEC IMOpsAaKa:

Br =0y = c(fr) <alB), co(fr) < ca(B2), ci(Br)+ ca(Br) < cr(Ba) + c2(B2).

[TocTaBUM B COOTBETCTBHE KXKIOW mape eMeHToB £ € Z, 3 € B ckasapHblii D-omeparop
Cl¢ 5, yIOBIETBOPSIOMINIA CIICAYIOMIUM yCIOBUSIM.
1. Ecmu B < &, 10 U g ecTh cKamnsipHbIil D-omnepatop nopsaka He 6onsie, ueM u ¢ (§) —c1(3),

u c2(€) — c2(3). B ocranbHbIX ciydasix, T.e. koraa 3 A &, monaraem e 3 = 0.
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2. B cmyuae, xoraa £ u 3 COOTBETCTBYIOT YIJIaM OJHOTO KBaJpara, Mopsaok oneparopa L 3
paBeH c¢;(§) — ¢1(). st OCTanbHBIX 3JIEMEHTOB (3 PacIOIOKEHHBIX HA OJHOM JIHAroHAIH C &
(1.e. c1(§) — c1(B) = c2(&) — c2(/F)) nopsimok oneparopa [l¢ g crporo mensie ¢1(£) — ¢1(/5).

3. Hnsa moboro k£ > 0 B KaXIOW TOYKE paccMaTpuBaeMoOl OKPECTHOCTH MHorooOpaszust M

HEBBIPOXKICHA KBaJpaTHas MaTpHIa PyHKIHI
(Oep), €€ Zyy, j>0, B€ By, i>0. (7)

To, uTo 5Ta MaTpuLa KBapaTHas, CICAyeT U3 ONpENeNeHus £, ;, By, ; 1 n3 BTOPOro paBeHCTBa B (4).
To, yTO OHa cOCTOUT U3 PYHKIHUH, T.€. CKaIIPHBIX [D-0nepaTopoB HYIEBOTO MOPSIKA, CIEAYET U3
ycioBus (a).

4. AHaJIOTWYHO JJIs Jr000r0 [ > () HEBBIPOXKICHA MaTpHUIlA
(Oep), £€Zjy, j>0, BeBy, i>0. (8)

3ameTuM, 410 00€ KOOPAMHATSI JII000r0 MAEMEHTA U3 4 MONOKUTENbHBL. [lo3ToMy 4ncio py
COBIAJACT C KOJTMYECTBOM DJIEMEHTOB B IIOAMHOXKECTBE By, . M3 mepBoro paseHcTsa (5) cnenyer,
9YTO MHOXKECTBO B MMeEeT m 3JIEMEHTOB ¢ HYJIEBOW BTOPOH koopauHaroi. O003HAYMM UX Yepes
81y «..y Bm. AHAJIOTHYHO JOKa3bIBAETCS, YTO MHOXECTBO I3 UMEET m DIIEMEHTOB C HYJIEBOM
nepBoil koopauHaroi. OGO3HAYMM OTH SIEMEHTHI uepes 1, . .., 31 . Kaxmomy snemenry 3 € B

IIOCTaBUM B COOTBETCTBHE MNIEMEHT Vg € (4, ONpe/ieIeHHbIN YCIOBUAMHU:

A) anementsl Vg, ..., Vg, o0pasyror 6a3uc monyns Go;

b) myst moGoro € € Z umeem
> Ues(Vp) =0. (9)
B=E

Hcnons3ys (9) n HeBbIpokAeHHOCTh Marpul (8) mpu [ > 0, m000i smeMeHT V3 MOXKHO
BBIPA3UTh Yepe3 dMeMeHTHl Vg, 4, co(51) < co(). Takum obpasom, snementsl Vi € G, § € B,
OJIHO3HAYHO oInpeAensaoTcs 6azucoMm mMoayna Gp 1 HabopoM cKaisapHbIX D-oneparopos [l 3. B

YaCTHOCTU, UMCEM

Vo =3 Ay(Vg,), i=1m, (10)
j=1
rae A;; — HEKOTOpbIe CKaISIpHBIE [-0TepaTopsl.
Bri6epem kakoii-nmu6o 6asuc f1, . . ., f, MOmyns F 1 onpeaeiiM HCKOMBI 0OpaTHMbIi [D-orie-
parop A ycioBueM

U3 (10) cnenyer, uto (A;;) ecTh MaTpuULa CKALIPHBIX D-01epaTopoB, onpeesitommas D-omneparop

A. AHaJIOTUYHO

Vg, = ;A]gl(vﬁ;), j=1m. (12)

D-Oneparop ¢ Marpuiei (A;il) €CTb 00OpaTHbIi K A.
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Takum o6pazom, odpatumelii D-onepatop A u3 D-nopoxaeHHoro Moxyist F' B D-opoxieH-
HBIH MOayab (G OHO3HAYHO OMpEAETSeTCS CBOEH d-CXeMOH KBaJparoB, BHIOOPOM CKAISPHBIX
D-oneparopos U 3, £ € Z, 3 € B, u Beibopom 6azucos monyneit Gy u Fy. Ilpu sTom D-onepa-
Tophl Ll 3 ompezensorcs oOpaTuMbiM D-onepatopoM A HEOAHO3HAYHO. JleHCTBUTENBHO, YMHO-
’KHM CJIeBa KaXIbIi CKansapHbli D-oneparop Ll 3 ¢ PUKCUPOBAHHBIM { € Z M BCEBO3MOXXHBIMH
B € B Ha ofHy M Ty e HeHyneByto ¢yHkuuto. Ilomydnm apyroit Habop D-omeparopos [ g,
¢ € Z,4 € B. Onnaxo pewenus Vg, 5 € B, HOBOII 1 cTapoii cucteM ypaBHeHHi (9) OynyT coBmna-
nath. A 3HauMT, B3aUMHO oOparHbie D-omepartopsl A 1 A~ He MeHsAIOTCSA. AHATOTHYHO, U3MEHHMB
HyMepanuio 31eMeHToB 0a3ucoB Moaynei Gy u Fy, momydum apyrue 6a3uchl, COOTBETCTBYIOIINE
TOM e Tape o6parumbix D-oneparopoB A u AL,

IMycts A: F — G — obparumeiii D-oneparop, L = ord A, a K = ord A™L Jlna k, [ > 0

0603HaunM yepe3 G, ; MOAMOYIIb

GINA(Fy) + G
G

monyias G;/G_1. Tak kak D-omepatop A KOMMYTHPYET ¢ MOPOXKIAIOIINM oreparopoM D, To

(paxroporobpaxenue (2) oroopaxaer G B Gii1,41. O603HAUNM
Hips ={a € Gry: DPa € Gryso104sy, Kk, 120, s>0.

d-Perynsapayro Touky ¢t € M obparumoro D-omeparopa A OyaeM Ha3bIBaTh S-peSVispHOll, eClid
B HEKOTOPOH OKPECTHOCTHU 3TON TOUKU MOIYIH H), ; s UMEIOT MOCTOSHHYIO pazMepHOCTb mpu 0 <
k<K, 0<I<Lu0<s<min{k, [}.

Teopema 2 ([5, 7]). Ilycts F' u G — D-nopoxaeHsie MoAyu, mpudem Fy ~ A™ ~ G. Torna:

a) JUIs 3aJIaHHBIX (-CXeMbI KBaJPaTOB M €¢ m-TallUIbl, a TAKIKE CKaJSIPHBIX [D-0meparopoB
Ue s, & € Z, B € B, ynopneTBopstolux ycnousam 1—4, u 6asucos moayneit G u Fj cyuiecTByer
eIMHCTBEHHBIN 0Oparumelii D-oneparop u3 F' B (G, onpenenenubiii cootHomenussMu (10)—(11);

0) nist mro6oro odparumoro D-oneparopa A: ' — (G CylIecTBYIOT Takue CKaJisipHbie [D-ome-
paropel L 5, £ € Z, B € B, ynosnersopstonye ycnobusiM 1-4, u 6asucel moxyneit Gy u Fp, uro

B OKPECTHOCTH S-peryisipHoi Touku D-onepatop A umeet Bun (10)—(11).

Teopema 3 ([S, 7]). MHoOxecTBO d-peryiasipHbIX TOUEK U MHOXKECTBO S-PETYJISPHBIX TOYEK

SABJIAIOTCA OTKPBITBIMU BCIOAY INIOTHBIMU MHOXKCCTBaMU B M.

5. OcHOBHBIE pe3yJbTaThI

OO6parumerii D-omepatop, d-cxema KOTOPOTO COCTOWT W3 OAHOTO KBajapaTa, OyldeM Ha3bIBaTh
OOHOKIEMOYHbIM.

Tak kak d-cxema obparHoro D-oneparopa A~! nmonyuaercs u3 d-cxemsl D-oneparopa A 3ep-
KaJIbHBIM OTPKEHHEM OTHOCUTEIILHO OMCCEKTPUCHI TIEPBOW YETBEPTH, TO OOpaTHBI [D-onepaTop

K OJTHOKJICTOYHOMY TaKKe SIBIISIETCS OTHOKJIETOYHBIM (CM. TIEPBYIO d-cxeMy Ha puc. 1).
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Teopema 4. Ilycts ' u G — D-nopoxaeHHbIe MOIYIH, ipuueM Fy ~ A™ ~ (. J{ns nrodoro
ofHOKJIeToyHoro D-omeparopa A: F' — G cymecTtBytoT 6a3ucsl moayneit Gy u £, B KOTOPBIX

Mmarpuna A uMeeT OJIOYHBIIN BUT
1 O 13
0 F ) (13)
rae [1 — cTpoka, cocraBieHHas U3 cKalspHeIX [D-omepartopos [le 3 D-oneparopa A (cM. Teo-
pemy 2), 0 — cronben HyneBbIX [J-omepaTopoB, £ — enuHu4yHas marpuiia. MakcuMaabHBIN
nopsoK D-onepaTopoB 13 cTPOKH [ coBMagaeT ¢ pasMepoM KBaapara d-cxeMbl A.

Teopema 5. Ilycte F' u G — D-mopoxaeHble Moaynu, npudem Fy ~ A™ ~ (. Jlwoboi
obparumeblii D-onepatop A: F' — (G B OKPECTHOCTH S-PETYJISIPHON TOYKH MPEACTaBISIET cO00M
KOMTIO3HIIMIO OAHOKJIETOYHBIX. MUHHMAIBHOE KOJMYECTBO OJHOKIETOYHBIX [)-01epaTopoB B Ta-
KO KOMITO3UITMH PABHO KOJMYECTBY KBAIPaTOB d-cxeMbl D-omeparopa A.

N3 chopmynrpoBaHHBIX PE3yIbTaTOB M JOKA3aTEIbCTBA TEOPEMBI S5 TOIydaeM CIICTYFOIIHI

aieopumm pasiodncenus 06pamuszx D—onepamopoe B BUC KOMIIO3UIIWMHU OJHOKJICTOYHBIX.

Jran 1. Haxonum d-perynspHble TOYKH M TaOIULbI Yuceld dyj, >, U pg;. CTpouMm d-cxemy
KBaJIpaToB.

Jran 2. Haxonum s-peryisipHble TOYKM U HAOOpBI cKalsapHbIX [D-oneparopos [ 5. ®Puxcu-
pPYeM S-peryiisipHyro TOUKY ¢ u 6a3uckl Moayieit G U Fy B € OKPECTHOCTH.

Jtan 3. B OKPECTHOCTH S-pEeryIsipHON TOYKH ¢ HaXOJUM IMOCIEIOBATEILHOCTh OJHOKIICTOY-

HBIX D-0mepaTropoB CIAEAYIOMUM 00pa3oM:

1) HaxoxuM ky — MHUHUMAaJIbHOE 3HAYEHUE NIEPBO KOOPANHATHI YJIEMEHTOB

2) HAXO/IUM o — MaKCHMAJbHBIN U3 HOMEPOB i, Ul KOTOPBIX By, ; # 0;

3) BeIOMpaeM Takue 3MeMeHThl () € By, i, U &0 € Ly, 1y, 9T0 g, 5, (1) # 0;

4) BbibMpaem Takoi snement Vg, € A(Fy,) N G, n6asuc Vi, ..., Vi Monyns A(Fyp), uto

cooTtHotieHue (9) 11 £y UMeeT BUT
m
Vo + > Oe 51 (V) — Vg, = 0.
J=2

5) crpoum oxHOKIIETOUHBINH D-oneparop A; Buaa (13), roe [J = (D&)ﬂ%, vy Oeg );
6) eciiu D-oneparop A o A He SIBIISIETCS OHOKJICTOUHBIM, TO 3aMeHsieM A Ha A o A U MOBTO-
psiem atansl 1-3 mist aToro D-omneparopa; B MPOTUBHOM Cilydae MmojlydyaeM Habop OJHOKIETOYHBIX

D—onepaTopOB, KOMITO3UI A KOTOPBIX COBIIAAACT C UCXOAHBIM OIICPATOPOM.

Ipumep 3. IlpuMmeHeHHE MPUBEICHHOTO airopuTMa K omeparopy A u3 mpumepa 1 maer

clIeTytolIee pa3ioKeHue B obnactu t # —1:

1 0 0 1 D O
00 —(t+1) . . 10 0
A=10 0 © t+1D L0 ]o] 0 t+1 Olol o1 D
t+1 t+1
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6. lokazareqbcTBO Teopembl 4

Jlrobass m-tabnuua d-cxeMbl, COCTOALIEH M3 ONHOTO KBajapara, UMeeT BHUJ, YKa3aHHBIM Ha
puc. 1, npuyem m > 2. JIeHCTBUTEIBHO, €CIU HWKHUM JIEBBIM YroJl €JMHCTBEHHOIO KBajapara
pacrioyiaraeTcst Ha HeHyJeBOM CTPOKe WIIM CTONOIIE, TO U1 3TOH CTPOKHU (CTOIO11A) HE BBIMOJIHACTCS
ycinoue (4). I[losToMy HIDKHMIA JIEBBIM yTOJI KBaJpara MOXKET PacroyiiaraThCsl TOJNBKO B TOYKE
(0, 0), a Tora BepXHHUil MPaBbIil yroll KBaJpara pacroiaraercs B TOYKe (r, 7), TAe  — pa3Mmep
kBajipara. OmsTh ke U3 ycioBus (4) cieayeT, 4To Ha OpAMBIX & = r U [ = 7 JOJKHBI JeKaTb
10 OHOW equHMIE. ECiu eMHUNA ISKUT, HAapuMep, B Touke (ko, 1) U ko > 0, T0 ycnoBue (4)
He BbInoNHseTCs st k = ky. CnenoBaresbHO, eAnHUIbI jiexar B Toukax (0, 7) u (r, 0), a BHe
touek (r, r), (0, r), (r, 0), (0, 0) pacnonaratorcst Hymu. Haxonen, u3 ycinoBus (5) cieyer, 4to
po,o = m — 1. Tax kak B Touke (0, 0) JI€KUT HUKHUI JIEBBIHA yron kBagpara, o m — 1 > 1.

Jlnst mocTpoeHust 00paTUMOro oneparopa, COOTBETCTBYOIETO JaHHOM m-Tabiu1Ie UCTIOJIb3YyeM
M3JI0KEHHBIN BbIIIE AITOPUTM (CM. pa3l. 4). B nanHoMm ciyyae Touka co 3HAYEHHEM — 1 TOJIBKO
OfIHA, €€ KOOPJMHATHI (T, ), ¥ €l COOTBETCTBYET CANHCTBEHHBIN HIICMEHT MHOXECTBA 7 , KOTOPBIi
Mbl 0603HauuM £. Toukam (0, r), (r, 0) u (0, 0) cCOOTBETCTBYIOT M + 1 2IEMEHT MHOXKECTBA
B. O06o03naunM ux vepe3 i, ..., Bpi1 C YIETOM CICIYIOIIETO COOTBETCTBUS MEXIYy HUMHU U

KOOpAUHATaMu:
51:(07 T)v ﬁQZH-Zﬁm: (07 0)7 ﬁerl:(r? O)
JInist JaHHOM d-CXeMBI yIPOCTHM BBEJIEHHBIE PaHee 0003HAYEHHS CIIEAYIONIIUM 00pa3oM:
D]’ = Dgﬂj, VJ' = Vﬁj, j = 1, m-+1.

Comnnacno ycnoBusiM 1-4 u puc. 1, [y u [,,1; — HeHyneBble ckajsgpHble [)-0mepaTropbl
HYyJIEBOTO Topsaka (HeHyineBbie GyHkmuu), [lo, ..., [, — D-omepaTopsl Mmopsjaka HE BBIIIC
r (D-omeparop, COOTBETCTBYIOIINN HIKHEMY JICBOMY YTy KBajpaTa UMEET MOPSJIOK POBHO 7,
OCTallbHble — MeHbIe ). Tak Kak KBaapar d-cXeMbl OfuH, cucTema (9) COCTOUT M3 OTHOTO

YPaBHCHUSA BUld

m+1
> 0i(Vi) = 0. (14)
=1

ITo nocrpoenuto, Vy, . .., V,, — 6azuc moayns Go, V11, Vo, . . ., V,,, — 6a3uc Moyt A(Fyp).

Vuwursiast, uto [y u [, | — HeHyseBbie GyHKIUH, 3aMeHIM O0a3ucHbie dnemMenTsl V Ha [y (V)
u V1 Ha —,,11(Viy1). Homyunm apyrue 6a3ucet Mmoayieit G u A(Fp), S5IeMEHTbI KOTOPBIX

MBI Oy/ieM To-TIpekHeMY 0003Hauarb V, . .., V,, 1. Torna ypaBaenue (14) npuHUMaeT BUA

Vi+ S 0i(Vi) = Vs = 0.

i=2
Hcnonb3ys 5T0 ypaBHEHHE, BBIPA3UM JIEMEHTH V1 1, Vo, . . ., V,, 4epe3 a1eMeHTh V1, . .., V,,.
[Monmy4um matpuiry ooparumoro D-omeparopa A Buaa (13), tne 0 = (O, ..., O,,). B 3akiroue-

HUEe 3aMeTuM, 4to D-oneparop A uzomMophHo oToOpakaet Moxyib Fy B Monyiab A(Fp). TToatomy
3amena Oaszuca A(Fp) o3Hadaer 3ameny Oaszuca Fy. Takum o6pasom, mist goctivkerns (13) mbr

COOTBECTBYIOIIMM 00pazoM BbIOpanu 6a3ucel monyneid Gy u Fj.
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7. Jloka3aTe1bCTBO TeOpeMbI S

Paccmorpum d-cxemy kBajgparoB ooparumoro D-omeparopa A: F' — (3, a TakKe COOTBET-
CTByIOLIMiI Habop ckansApHbIX [D-onepatopos ¢ 5, £ € Z, 3 € B, y10BIETBOPSIOIUX yCIOBUSIM
1-4, n 6a3ucsl Moayneit Gy u Iy (cMm. Teopemy 2). O603Ha4UM uepes 2y, ; U by, ; — KOIUYECTBO dJie-
MEHTOB B Zj,; U By, cootBeTcTBeHHO. IlycTh by — MUHHMMAaIbHOE 3HAYEHHE NTEPBOM KOOPIUHATHI
anemeHtoB /. Torma ky > 0, Tak kKak 00e KOOpAMHATHI JIFOOOTO IEMEHTA U3 Z TOJOKUTEIbHBI.

W3 onpenenenus m-tabnuibl d-cXeMbl KBapaTOB CJIEIYET, UTO
Pl = bj,l — Zjl, j Z 0, l Z 0. (15)

C yueToM 3TOro COOTHOILEHHS U paBEHCTBA 2;; = 0, BepHOro npu k < kj, BTOpoe paBeHCTBO B (4)

npu 0 < k < ko mepenucbiBaeTCs B BUIE

> by =0.
=0

A Tak Kxak no onpezaeneHuo by; > 0, To by; = 0 114 Beex k U [ u3 mocnenHen CyMMsl, T.€. IpH
0<k<kyl>0.

ITockonbky 2k,; > 0 aus Hexkoroporo [, u3 (4) u (15) cnenyer, 4ro He Bce uucna by, ;, ¢ > 0,
Hynesble. Cpeny HOMEPOB ¢, YIOBIETBOPSIOMIUX yCIOBUIO by, ; 7# 0, BbIOEpEM MaKCUMalbHBIM.
O06o3HauuM ero 7. Beibepem anemeHT 3y € By, .. PaccmoTpum kakyro-mubo s-perynspHyro
Touky t € M wn marpuity (7), COOTBETCTBYIOIIYIO HOMEpY k = ko. YciaoBue 4 03Ha4aeT, 4To 3Ta
MaTpulia HEBBIPOXKIeHa B ToUKe t. [103TOMY cToJ10€1I, COOTBETCTBYIOIIMIA SJIEMEHTY (3, HEHYJICBOM.
BriGepem Takoil anemeHt &y € Zy, 1, 4T0 U, g,(t) # 0. U3 ycnosus 1 crenyert, uto Gy < &, a
3HAYUT, i < lo.

Tak kak by; = Onpu kg > k > 0, u by, ;, = 0 mpu ¢ > 4, To cooTHOIIEeHHE (9) I §) MOKHO

MPEICTaBUTh B BUJIE

Yo Oeps(Ve)+ > Ogp(Ve)+ Y. Ugp(Ve) =0. (16)

BEBo,1, B€Bo,i, I<lo BEByg 1, 1<io

ITepBast cymma 3toro cootHotenus iexut B A(Fy) N Gy, u He nexut B (5,1, HHade ycioBue 4
st | = |y He BBIMONHAETCA. DneMeHTsl Vg, B € By, | < ly, u3 Bropoii cymmsl B (16) mexar
B A(Fp) N Gjy—1. Haxonen, u3 ycnosus 1 ciexyert, uro D-oneparopsl [, g U3 TpeTbeil CyMMbI
B (16) HynmeBoro mopsijika, Tak Kak st HuX ¢1(3) = ¢1(&p). IToaTOMy TpeThsi CyMMa JISKHT B

A(Fy,) N G;, ¥ He paBHA HYIIIO, HHAYE HE BBIMOJIHSETCS yenoBue 3 st k = ky. O603Ha4nM
V== 3 DOgs(Ve) (17)
BEBk .1, 1<io
Hanomuuwm (cM. moka3atenscTBo TeopeM 1 u 2 B [5, 7]), uto ans Bcex k > 0, [ > () MHOXXeCTBO
By, OTOXIECTBIISIETCS] ¢ MHOXKECTBOM Oa3HCHBIX JIEMEHTOB (DaKTOP-MOLYIIst

5 _ G, N A(F})
M GO A(F) + G NA(Fy) + D(Gry N A(Fy_q))
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a MeMeHT V3 BBOAUTCS Kak aneMeHT Monyis G M A(F}), GpakTop-3/IeMeHT KOTOpOro ecTs Oa-
3UCHBII NIEMEHT MOyIs By, ;, COOTBETCTBYIOLIMI d1eMeHTy 3 € By ;. B 4acTHOCTH, OCKONIBKY
Bo € Bry.ip» TO haKTOp-31EMEHT NIEMEHTA V g, €CTh 0a3UCHBIH 27eMeHT Moy By, 4.

3amennm Vg, Ha V i OCTABMM HEH3MEHHBIMH OCTAIbHbIE d1eMeHTsI Vg, 3 € B, [ # (). Tak
Kak (g, 5,(t) # 0, 10 HAGOp akTop-deMeHToB 1eMenToB V3, 3 € By, ior 8 # B, 1 V Gyner

HOBBIM 0azucoM mMonyins B, i, -

BoiGepem Takoii 6asuc Vi, ..., Vi Moy A(Fy), uto Vi, ..., Vi ecTb 6asuc Mozyist
A(Fy) NGiy-1,a
Vo= > Oqp(Ve). (18)
BEBo,1,
Onementet A~ (Vg1), ..., A7 (V) o6pasyior HoBBIi Gasuc momtyns Fy. [Ipu nepexone ot

crapbix 0asucoB momynelt Iy u By, ;, K HOBBIM 06a3ucaM yKa3aHHOTO THIIA MEHSIOTCS HE TOJIBKO
BJIEMEHTHI Vg, HO M CKanspHble D-oneparopsl Ll¢ 3. [l npocToTel OyneM MCHONB30BaTh TE K
camble 0003Hau€HUs, 4TO U paHpine. YuuthiBas (17) u (18), a Taxke TO, 4TO 2IE€MEHTHI Vg U3
BTOpOii cymMmbl B (16) nexar B A(Fy) N Gy,_1, a 3HAYNT, NPUHAIUICKAT HAOOPY Vg, ..., Vi,
nepenuiieM cootHomeHue (16) B Bumae
S
Vi + Z; Oeo, 1 (V1) = Vg, = 0. (19)
j=

Paccmorpum noamonyns monyas Fy,:
Fy = spany {A71(Vg,), AN (V). ..., AV ),

a TaKke COOTBETCTBYIOIIMI eMy D-NopoxkaeHHbIM Moayns F! m D-omeparop A;: F' — F,

KOTODBIN B yKazaHHbIX Gazucax Fy u Fy umeer marpuity (13), rae

0= (T > Deosrs 0, -, 0). (20)

U3 teopemsr 4 crnienyert, yto D-oneparop A; OMHOKJIETOUHBIN, a 3HAYUT, 00PATUMBIHL.

[Toka)kem, 4TO KOJIMYECTBO KBaPATOB d-cxeMbl koMno3uuu A o Ay Ha 1 MeHbIIIe KOJINYECTBa
KBaJpaToB d-cxeMbl oOparumoro D-omeparopa A. [leiictBuTensHO, MaTpuiia oopatumoro D-ome-
patopa A ompenensercst cootnoumenuamu (10), tne Vg, ..., Vg, — 3anaHHbIi 06a3uc MOTyIs
Go,aV Lo V 51 — BBIOpanHEIif 6a3uc Moxys A(Fp). Jst BBIMUCTEHHS KOMIOHEHT MaTPHUIIbI
obpartumoro D-onepatopa A o Ay HCHOIb3yeTCs TOT ke HabOp AMEMEHTOB V g, kpoMe Vg, U TOT
ke Habop ckansapHbIX [D-onepatopos [ g, kpome [, 3, B < &. Takum oO6pa3om, KOIHMYECTBO
SJIEMEHTOB M B MHOXECTBE 5, 1 B MHOXKECTBE Z ISl KOMITO3UIMU A o A; Ha SIUHUIY MEHBIIIE,
gyeM 111 A. TToCKONIBKY Ka)KIOMy 2JIEMEHTY Z COOTBETCTBYET OJIMH KBaPaT d-CXEMBbI, KOJIMYECTBO
KBa/IPaTOB (-CXeMbI KOMITO3UIMH A o A| Ha eIMHHILY MEHbIIIE KOJIMYECTBA KBAPATOB d-cXxeMbl A.

[Tpumensis mpuBeAEHHbBIE pacCyXIeHU K oopatumomMy D-oneparopy A o Ay, a 3arem mocie-
JIOBaTEIHbHO K MOJTYYAIOIIMMCS KOMITO3UIMSIM C OJHOKJIETOYHbIME D-oneparopamu Ao, ..., Ay,
npuxoauM K ooparumomy D-oneparopy Ag = Ao Ajo.. .0/, d-cxema KOTOPOTO COCTOUT U3 OJI-
Horo kBajpara. [To Teopeme 4 D-omeparop A oHokneTouHbIH. [Tostomy A = AgoA; to. . .0AT?

€CTh KOMITO3UIMS OHOKJIETOYHbIX. Teopema 5 noka3aHa.
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3akioueHue

OTMeTHM, YTO KOMIIO3HIIHS JIByX OJHOKJIETOYHBIX [)-OMepaTropoB, KOTOPHIE B COOTBETCTBY-
romux 6asucax umerot Bua (13) ¢ [0 = [, u [J = [J, cOOTBETCTBEHHO, €CTh OHOKJIETOYHBIN
D-oneparop Buaa (13) ¢ U = U, + UJ,. IlosTOMy KOIMYECTBO ONHOKJIETOYHBIX [D-omeparto-
POB B pa3iokeHUuu oOpatumMoro D-omepatopa MOXKET ObITh U OOJbIIIEe KOJIUYECTBA KBAJPATOB €TO
d-cxembl. B Teopeme 5 uaer peusb TOIbKO 0 MUHIMAaJIbHOM KOJIMYECTBE OTHOKIIETOUHBIX [D-omepa-
TOPOB B Pa3NIOKECHHH.

Jloka3arenbCTBO TEOPEMBI 5 U aITOPUTM Pa3ioKeHUs: 00paTUMBIX [)-0mepaTopoB B BUE KOM-
MO3UINH OJHOKJIETOYHBIX U3 II. 5 CYIIECTBEHHO YIPOINAIOTCS, €CIIM pacCMaTpUBaTh 0TOOpaKeHUs
Oosiee o0MMX (MIBTPOBAHHBIX MOAYJIECH, 00pa3yIofe KOTOPHIX JIekKaT HEe TOJNBKO B (G, HO U B
G, 1 > 0. JIeHcTBUTEIBHO, IOCTPOCHHBIN OHOKICTOUHBIH D-onepatop A; (CM. J0Ka3aTeIbCTBO
¥ aIropMTM) JeHCTBYeT M3 Moxyas F! B moxyns F. OGpasyromue A‘l(Vﬁé), cee A‘l(Vﬁ}n)
monyist F'' nexar B Fy N Fy, a obpasyrommiit A~ (V) — B Fy N F,.

Monymu F' u F' coBmamarT U Kak MOMyJIH, U KaK MHOXECTBA, HO MPH 3TOM OTIHYAIOTCS
¢unerparment. [lepexom or A k A o Ay 03HauaeT, B 4aCTHOCTH, cMeHy ¢uisrpanuu B F'. Ho npu
cMeHe (punpTpanuu MeHseTcs d-cxema kBaaparo. [lostomy stamsl 1 1 2 anroputMa IpUXOIUTCS
BBITIOJIHATH U151 onieparopa A o Aj.

OHaKO MPUMEPHI IPUMEHEHUS aJITOPUTMA ITOKA3bIBAIOT, UTO CIIBUT (DMIIBTPALIAHU ITPH IIEPEXOIC
or Ax Ao Ay uaransl 1 u2 gt A o Ay BBIIONHATE HE 00s13aTenbHO. JlocTaTodHO mocienoBa-
TEJIBHO MPe00pa30BLIBaTh COOTHOIIEHUS (9) K BUy (19) 1 cTpOoUTh OMHOKIIETOUHBIE [D-0nepaTopsl
Buna (13), (20). Jnst ctpororo 000CHOBaHMS 3TOTO BapuaHTa aaroOpuUTMa HEOOXOIUMO 0000IINUTh
pe3ynbraThl pabor [4, 5, 6, 7] u 3TOl paboThI Ha cily4ail 0TOOpakeHU# (PUIBTPOBAHHBIX MOJYJIEH,
o0pa3yrolire KOTOPBIX JiexkaT He ToNIbko B G, HO U B G, © > 0.

Pabota Beimonnena npu ¢puHancoBoil noguepxxkke POOU (rpant 16-07-01153).
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Invertible Linear Ordinary Differential Operators
Represented as a Composition of the Simplest Operators
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'Bauman Moscow State Technical University, Russia
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This article is a sequel to the earlier articles, which describe the invertible ordinary differential
operators and their generalizations. The generalizations are invertible mappings of filtered modules
generated by one differentiation, and are called invertible D-operators. In particular, invertible or-
dinary linear differential operators, invertible linear difference operators with periodic coefficients,
maps defined by unimodular matrices, and C-transformations of control systems are invertible
D-operators. C'-Transformations are those invertible transformations for which the variables of

one system are expressed in terms of the variables of the other system and their derivatives.

In the article we consider the invertible D-operators whose inverses are D-operators of the same
type. In previous papers, a classification of invertible D-operators was obtained. Namely, a table
of integers was associated to each invertible D-operator. These tables were described in a clear
elementary-geometric language. Thus, to each invertible D-operator one assigns an elementary-
geometric model, which is called a d-scheme of squares. The class of invertible D-operators having

the same d-scheme was also described.

In this paper, the invertible D-operators whose d-schemes consist of a single square are called
unicellular. It is proved that any unicellular operator in some bases is given by an upper triangular
matrix that differs from the identity matrix only by the first row. The main result is representation
of the arbitrary invertible D-operator as a composition of unicellular operators. The minimum
number of unicellular operators in such a composition is equal to the number of squares of the
d-scheme of the original D-operator. As in previous papers, the used method is based on the
description of d-schemes in the language of spectral sequences of algebraic complexes.

The results obtained can be useful in the transformation and classification of control systems,

in particular to describe flat systems.
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