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THE STABILITY OF CONSERVATIVE SYSTEMS WITH CYCLIC
COORDINATES

B nanHOI cTaThe MPOU3BOANTCS UCCIIEN0BAHNE KOHCEPBATUBHBIX CUCTEM C HIMKJIMYECKMMU KOOPAVMHATAMY Ha yCTOM-
yuBOCTb. [loKkazaHo, 4TO 3a1a4a 0 MIOCTPOEHUH YIIPABJIEHU I, 00eCTIEYMBAIOLIMX CYILECTBOBAHUE 3aJAHHOTO MHOTOO0pa3us,
CBOIUTCSA K TIOCTPOEHHUIO YIIPaBJIEHUI, 00ECTIEYNBAIOILNX IBIKEHUE C 3aJaHHBIM UMITYJIBCOM.

COOTHOLEHUE. CUCTEMA. BEJIMUYNHA. ®OPMA. CKOPOCTbL. CBA3b. UMITYJIBLC.

The given article focuses on the investigation for stability of conservative systems with cyclic coordinates. The problem
on construction of controls maintaining the existence of diversity predetermined has been demonstrated to reduce to that
construction maintaining the motion with the momentum predetermined.

RELATIONSHIP. SYSTEM. VALUE. FORM. SPEED. CONTACT. MOMENTUM.

PaccmoTpuM KOHCEpBaTUBHYIO CUCTEMY, CO-
CTOSIHME KOTOPO# 3alaeTcsl MpU MOMOLIU M TO-
3ULIMOHHBIX KOOpAMHAT ¢;(j=1,....,m) U n—m
LUKINYECKUX g, (o =m+1,...,n). JIBuxeHue Ta-
KO CUCTEMBI OTMCBIBAETCSI ypaBHEHUIMU [aMuib-
TOHA

O0H . oH

_7q':_’ (1)
oq; " op;

p[:

rne H=H(p,...,p,.q>---.4,) - Ilyctb H — nojo-
KHUTEJILHO ompee/ieHHass (PYHKIIMS ITePeMEHHBIX
Dis--es PysQys---»q,;, PABHOMEPHO IO D, .i,..., D, -

oH OH
ITycTtb Takke GyHKIMM —— U —— 00paIanTcs
P,  0q;
BHYJIbIIPU p; =...= D, =¢; =...=q,, =0.Tornay
cuctemsl (1) ecTb ceMeiCcTBO CTallMOHAPHBIX ABU-
KEHUN

=P ==Py=q = =...=q,=0; (2)

0 oH 0
pa :p()_9 qq Z#(l‘_to)‘f‘qa, o =m+1, N,

o

MpecTaBsoliee coboit 2(7 —m)-MepHYIO 10~

CKOCTb B (Da30BOM MPOCTPAHCTBE CUCTeMBbI (1).
bynem cunTaTh, 4TO CEMEMCTBO (2) yCTOMUMBO,

ecliu 1o Jobomy € >0 MOXHO ykazath 6 >0 Ta-

m
Koe, 4To pu Y | p;-) | +] q? |< & GymeT BBITOIHATh-

J=1
campu t >0 crenyollee HEPaBEeHCTBO:

m
Ylpt.p"q")+14;t,0°.q") < &.
=

Ecnu xxe & > 0 MOXHO BbIOpaTh TaK, YTOOKI IO~
CJIeIHSISI CyMMa CTPEeMIIACH K HYJTIO TIPH  —> o0, TO
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cemeiicTBo (2) OynemM Ha3bIBaTh aCUMIITOTUYECKU
ycToMUMBBLIM. [1pK caenaHHBIX BBIILIE TTPEATIONO-
KEHUSX OTHOCUTEILHO (GYHKIMU H MOXHO TI0-
Ka3aTh, UTO CEMEMCTBO (2) ycToituuBo [1].
PaccMoTpuM cucteMy ciaenyromero Buaa;

. oH oH
pi=———-10; ¢=——(nz0), (3)
0qg; op;
KOTOpas coBmanaet ¢ cucteMoii (1) mpu p = 0.
Iycrs O, =0, (pys --vs P>y ---»4,, ) OOPALLIAETCH
B HYJIb IIp1
p==Py=q=..=4,=0.

Torpa cucrtema (3) mMeeT ceMeilcTBO cTa-
LIMOHApHBIX ABMKeHul (2). Hama 3agauya Oyner
COCTOSITh B MCCJIEAOBAaHUM ITOTO CeMeilcTBa Ha
YCTOMYUBOCTb.

Teopema 1. Ecau ¢yynxyus

" oH
V=259

645emcsi HeNnoA0JNCUMENbHOLL, mo cemelicmeo (2)
cucmemol (3) ycemoituuso. Ecau mce U — ompuya-
MenbHO ONnpedeNeHHas OMHOCUMENbHO NePeMeHHbIX
P;»q;(J=1,...,m), mo cemeiicmeo (2) cucmemvi (3)
acumMnmomu4ecKu yCmou4uego.
HoxkxazartenbcTBo. [IpoguddepeHunpo-
BaB (pyHKLUMIO H, B crity cucteMsl (3) yoesknaemcs,
YTO OHA YIOBJIETBOPSICT YCIOBUSIM TeOpeMbl JIsI-
IyHOBa 00 YCTOMYMBOCTHU B TIEPBOM CiIydae U 00
aCUMNOTOTUYECKOI YCTOMYMBOCTU — BO BTOPOM [2].
ITo TeopemMe 0 KAHOHUUYECKOI CTPYKTYpPE BEK-
TOPHOTO CUJIOBOTO NOJIst GYHKUUK (), MOTYT OBITh
MpeacTaBleHbl B ciaeaylolieM Buae [3]:

5Q
6q R

1

0 =

n
rie R, — rMpocKomMyecKue CUbL, T. €. Y Rig; = 0.
i=1
Bynem cuutars, uro pyHkuMU O, MOTYT OBbITh
PAa3JIOXKEHBI B PABI 110 CTENEHAM BEJIUYUH gy, ..., G,
TaK, 4YTO

0=YV®(4,....4,) -

3necy VP MPEACTABIISTIOT COOO OMHOPOIHBIC
(bOpMBI CTENeHH k OTHOCUTETLHO BEJIMYMH ¢, ..., ], -

Teopema 1 nokazaHa.
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Teopema 2. Ecau npu coeaanHwix ebiie npeono-

JN0ACEHUSX OMHOCUMeNbHO pyHKyuu H gpynryus y@
A6AAEMC OMPULAMEAbHO ONPEOeAeHHOU OMHOCU-
MeNbHO 8eAUHUH §, ..., §,, PAGHOMEPHO OMHOCUMENb-
HO Py ..oy PpsQmsts ---> 4, » MO CEMELICME0 (2) CiCmeMbL
(3) acumnmomuuecku ycmoi4uso.
JHloxkaszaTteabcTBO. Ilokaxkem, 4TO

=2 1p,t,p",q")|+1q,(t,p’.q") >0

J=1

npu ¢ — oo . JIpyrumMu cjaoBamu, 1o jiroodomy € > 0
MOXHO ykasatb T'(g)>0 Takoe, 4To X, <& IpHU
t >T(g). OTMeTuM, 4TO, 3a(UKCUPOBAB &, MbI
MOXEeM HalTh A = infz,=e M .’Toraa 1o HerpephbIB-

Hoctu H cymiectByer 8(g) Takoe, uto H <A mpu
X, <9.
0
Bo3MoxxHBI ABa ciiyvas.
1. Cymectsyer TTakoe,4to X, <8 mpn %, . <3

U, CJIEIOBATENIbHO, X, <& VI >T , IOCKOJIbKY H —
HeBO3pacTarouas.

2. He cymecrtsyer takoro 7, T. €. Vi >f, Bcer-
na Oyzer X, >d. B 3TOM ciiydae 3aMeTUM, 4TO I10
YCJIOBMIO TEOPEMbI (DYHKIIUS

dH  &.0H 00
ar =, o4,

YIOBJIETBOPSIET B OKPECTHOCTH Havajia KOOPIAUHAT
HEpPaBEHCTBY

%S—a(a>0),
ot

MHTErPUPYS KOTOPOE, IIOJIydaeM:
H<—o(t—1ty)+H,. (4)

Tak kaKk Z, > & u H — NOJIOKUTEIbHO ONpee-
nenHasi, o H(p(t),q(¢)) > > 0. [IpaBas xe 4yacTb
HepaBeHCTBA (4) TIpA  — o0 CTPEMUTCI K —o0 . DTO
MMPOTUBOPEYME 1 TTOKA3BIBAET, UYTO CIyJail 2 HEBO3-
MOXEH, T. €. UMEET MECTO CJIyJyail 1, COOTBETCTBY-
oL TOMY, uTO X, = 0 1IpK 7 —> 0.

Teopema 2 nokazaHa.

PaccmoTpuM Tenepb 0ojiee oOLIMM ciyyvaii,
KOIJIa CeMEMCTBO CTallMOHAPHBIX pelleHunit (4) cu-
crembl (1), B KoTopyto repexoaut cucteMa (3) mpu
n =0, He ABISETCS YCTONUMBBIM.

YKaxeM YCIOBUS, IPU KOTOPBIX CUJIOBAs
¢yHkuus Q0yaeT odecrieunBaTh TpedyeMoe Kaue-



MaTtematmka
CTBUO JIBUKEHUST cucTeMbl (3) B OKE)CCTHOCTI/I ce- @ =¢=.=q, =4, =Gy =...=q4, =0, (6)
MeiictBa (2). [Tapamerp p B 3TOl MOCTAaHOBKE
cuMTaeM paBHBIM €IUHUILIE. 0H, OH, 0
=Gy =——1))+q,, a=m+1,...,n,
IMepenumem cuctemy (3) B BUIE CUCTEMBbI ap, op,
ypaBHeHui JlarpaHxa BToporo poja:
CUCTEMBI

doT oT ~ = oIl
L =0, 0=—0; ()
dt 0g; Ogq; 0g;

oL

roe L =T —11 — dynkuus Jlarpanka. Kuneruue-
CKasl 9Heprusl TaKol CUCTEMbI MOXKET OBbIThb Mpe-
cTaBJieHa B BUJE

T=TP+7O +7O]

rae
L e
T(Z) :E(ql’“':qn) A(ql""’q”)

€CTh IOJIOXKMTEIIEHO ONpene/icHHAsT KBaapaTUIHAast
(opmasHauenuii g, ..., q,; T O _ muneitnast dopma

n
stux emunt; TV =Y aqg, 7' =74, ... q,) —
i=1
CBOOOIHBIN YIeH, HE 3aBUCSIIMI OT 0000IIEHHBIX
CKOpOCTEH ¢, ...,q,, .
IIpenmosoxumMm, 4To OOOOIIECHHBIE CHJIBI

Q~1, s Qn OIIpeAeNIIoTCs 110 (hopMyJIaMm

n
e 0= V0, ay®
k=1
cTerneHu kK OTHOCUTEIBHO ql 5 e

— OAHOPOJHBbIE (hOPMBI

. q,, , Ip1yeM

-5 2 eros|.

10

y@_pn 19 r0)
20t

n
®yukuust I1 pasnaraercs B psia 1= ) e,
m=1
CXOOSIIMiICS B OKPECTHOCTHM MHOXECTBa
g =..=q,=0.
OTMeTUM, YTO YCTOMIMBOCTH MHOTOOOpAa3us
(2) cucremnl (1) sKBUBaJleHTHA YCTOWYMBOCTU
MHOT000pa3us

doT oT _ 61'[
aq,. aq,

Teopema 3. Ilycmo gvinoanenst caedyrowue yc-
A08UsL:

1) keadpamuunas @opma T®  snauenui
Gy -5 Gy, UMECH NOAONCUMENLHO ONPEOCNCHHYIO M~
mpuyy A, pagHOMEpPHO 02PAHUUEHHYIO 8 OKPeCIMHOCHU
(6);

2) keadpamuunas popma y@ ompuyamensbHo
onpeodenena no OMHOUEHUI K §, ..., §,, PA6HOMEPHO
nO Gpiis-sdy s

3) keadpamuunas gopma 17 nosoxcumensto onpe-
OeneHa no OMHOWIEHUIO K 8eNUMUHAM §, ..., G, .

Toeda muoeoobpasue (6) asasemcs ycmouuu-
8bIM, Npuuem 045 08UNCEHUNH, HAYUHAIOUWUXCS 8
Hekomopoll okpecmuocmu (6), cnpageonuso Gboi-
padicenue

m
Z|qj‘|—>t_m 0.
i=1
HdoxazaTtenbcTBoO. [logcTaBuM BcUCTEMY

5) Twu Q , YMHOXXUM Ha ¢; Y IPOCYMMUPYEM I10 i
ot 1 no . [Tonyuum

no(d aT<2> doT® o7\ & 80
z . - :zq[ .
| dt 0g; dt 0q; og; o 0q;
OTMeTHuM, 9TO
no o doT® or?® H7?
+ .

=Yy Teq  dr | ot

Orcioga MeeM paBeHCTBO

ar® o1 2 | ¢;oT®
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ot or tRAA-X oo,

i=1 i
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=Yg+
i=1 q; 7)
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CrenoBarelibHO,

d n oy
GUO=a T ®
i=1

i
3acdukcupyem € >0 u HailgeM

A =inf, T 411,

27:]|qj‘+|qj|20

ITo cBolicTBaM yHKUMIA 7 u 1l CYILIECTBY-
er 8>0 Takoe, YTO B OKPeCTHOCTH ¢; =¢; =0

BBITTOJIHACTCA HEPABEHCTBO

m
T +T1 <A npu 2la;l+lg;1<s.
j=1
W3 ycToitumBocTH MHOTOOOpA3us (6) ciemyer,
aro T7? + 11 — HeBospacratomas dyskumst. Torna

m
T+ <T{? +11, <\ npu Y14} 1+14) <8,
=

1, ClIeJOBaTeNbHO, Z?:l' gjl<evt=T, te.

m .
Z;:1|qj |— 0 mpu t > .
Ho He cymectByer Takoro 7, T. €. V¢ > £, crpa-

m

BelIuBO ) |q;[>5>0, cnenosarensHo,
j=l1

V< q (o > 0) . M3 BeIpaxkeHus (8) uMeeM:

i(rm +II)<—a' (o' >0).
dat
Wuterpupys, mnoaydaem
T T <o/ (t 1)+ TP +11,.

ITpaBas yacTb MoCAE€AHETO HEPABEHCTBA CTPE-
MUTCSI K —o0 TIpU ¢ —> oo . JIeBasl Xe 4acThb JOJKHA
OCTaBaThCS TOJIOKUTETBHO TI0 YCIIOBUSIM TEOPE-
Mbl. [TonydeHHOe MpoTUBOpeYHEe MOKA3bIBAET, UTO
BO3MOXEH JIvIlb ciydyaid 1 (cMm. Teopemy 2), T. €.
2l4;1>0 mpn t > 0.

Teopema 3 nokaszaHa.

3ameuanue. 101 yCTOMIMBOCTHIO MHOTOOOpA3UsI
(6) MBI IOHMMAJIH €T0 YCTOMYMBOCTD 110 OTHOLICHUIO
JMILIB K Ga30BbIM NIEPEMEHHBIM ¢, Gy, ..., (,, s HO
€CJIM IOHMMATh YCTOMYUBOCTB (6) HECKOJIBKO IIUPE,
T. €. U [10 OTHOLUEHUIOK ¢, .1, ..., ,, , TO CIIDABEIJIN-
BO crieAyoliee yreepxaernue [1].
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Teopema 4. Ecau T ecme Keadpamuunas
0H,
q, —?
(04
meabHOo onpedeneHHoll, pagHOMEPHO 02PAHUHEHHOI
8 okpecmuocmu (6) mampuueii A u ecau 6vtnoaHe-
Hbl ycaoeus 2) u 3) npedvidyuieii meopembl, mo
cemeticmeo (6) ycmoiiuueo no omHoueHuo K ga-
3086IM NEPEMEHHBIM Gy, Gy s ey Qs Gps -oes G,y -
PaccMoTpuM Tenepsb ynpapisieMylo MeXaHU-
YeCKyI0 TOJJOHOMHYIO CHUCTEMY, OTTMCHIBAEMYIO
cucteMoit ypaBHeHul Jlarpanxa 1-ro poaa [2]:

opma 3nauenuil q, ... ¢ NOA0XCU -

> dm

9

k
=0;(qps s Qs 4y - qk,t)+ZBﬂ-u[,

i=1
rae j=1,...,k,q,...,q, — 0000IIEHHbIE KOOPIN-
HATBI CUCTEMBL; g, ..., §;, — OOOOLLIEHHBIE CKOPO-
ctu; T— KuHeTudeckas aHeprusi; (k x k) -mMaTpuua
B ={B;} siBnsiercst HeocobeHHOI; U = (u, ..., Uy )*
MpeacTaBisieT co00it BeKTOp yrnpasieHuit [3].

ITocTaBuM 3amauy 0 IOCTPOCHUM YIIPABICHUI

Utaxkum o6pazom, uTooObl cuctema (9) umena acum-
MTOTUYECKU YCTONIMBOE MHTEIPATIbHOE MHOTO-
oOpaszue

g=n(g.1). (10)

3pech U ganee Mbl OyaeM 0003HauYaTh KakK g —

BEKTOP O0OOLLEHHBIX KOOPIUHAT (¢, ..., gy )* ,aqg —

BEKTOP OOOOLLEHHBIX CKOPOCTEH (g, ..., G )*. Bekrop
00001eHHbIX cull (O, ..., Qk)* o0o3HaunM Q.

Kunernueckas sHeprus 7 cucteMsl (9) onpe-
JIEJISIETCSI COOTHOLICHUEM

re n — 4YUCJIO TOYEK CUCTEMBI, m; — Macca i-i
TOYKU, 7; — PagUyC-BEKTOP 3TOM TOYKHU B IIPaBOM
AeKapToBO¥ crcTeme KoopanHar O, .

Mpbi OyneM cumTaTh, UTO B OOLIEM CIyvyae CU-
cTeMa IOJUYMHEHA PEOHOMHBIM CBSI3SM 7; =71;(q,1).
Torma KuHeTHYECKast SHEPTUST CUCTEMBI TTPEACTAa-

BUMa B BUIEC
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The r, = q* A(q,t)q§ — xkBaapaTuuHas popma 0600-
k

LLEHHBIX CKOPOCTeH Gy, ..., 4y , 1 = 2 a;(q,1)d; —
i=1

JMHelHaa ¢popma 0600LIEHHBIX CKOPOCTEHA, a 7,
IpeACTaBIsAET COOO0 WIECHBI, HE 3aBUCSIIUE OT Be-
JVYUH ¢, ..., §; . 3AMETUM, YTO €CJIU CBSA3U SIBJISI-
I0TCSl CTALMOHAPHBIMU, T. €. 7; =7i(q) , 10 T =T, .

[lepenuiem ypaBHeHue (9) B popme [aMmiib-
TOHA:

oH oH K
q':_sp':__+Q'+ B~-Ll-,j=1,...,k, (11)
Toop T ap 2B

IaJ€ BEINYUHDBI pl,...,pk Ha3bIBA€CMbIC O606H.[€H—

HBbIMHN UMITYJIbCaMH, OIIPEACTIAIOTCA COOTHOLLICHN -
AMU

_ar

=—, (12)
qu

Pj
a (pynkuus H onpeaensieTcss cCOoTHoLIeHUeM [4]:

k
H=Ypq,-T.

i=l

B cootHomennu (11) 3aMmeHUM 00OOIIIEHHbBIE
CKOPOCTH {, ..., § HaBETUIUHBI f;(p,q,1) , Oy~

yaeMble U3 ypaBHeHUi (12) npu pelleHun ux oT-
HOCUTEJIBHO BEJIUYUH §j, ..., §; . TaKUM 00pa3oM,
MbI TosyuuM pyHkuuio H B Bune H = H(t,q,p).
3ameTuM, 4TO, 3adaBasi MHorooopasue (10), Mbl
TeM CaMbIM 3371aeM MMILYJIbCBI p; IS CUCTEMBI (12):

pj:nj(t:q)- (13)

Takum o6pa3oM, 3agaya CBOAUTCS K OCTPOe-
HUIO YIIpaBJICHUI, 00€CIIeYBAIOIIIX IBIKCHUE C
3aJaHHBbIM UMITYJIbCOM.

[Tpu ycmoBum cymecTBOBaHMS MHOTOOOpa3nst
(13) y cuctemsl (11) BEIIOTHEHO COOTHOIIIEHUE

on, komn; oH k
a—t’+§a—(ljni:—a—%+Qj+§Bjiu-.
[Monoxum
U0=B‘l(%ﬁ—mg—f+@n} (14)
U=U,—k(p—m). (15)

IMapametp k Oynem Ha3bIBaTb KOIMEOULIMEHTOM
ycuneHus. IToacraBum ypaBHeHue (15) B cucteMy
(11), monyuyumM cieaymouine COOTHoLIeHUs [5]:

. OH
q P

Cucrema (13) umeer npu k >0 ycToiiunBoe
WHTerpajibHOoe MHOrooOpasue (13), onpeaensiemoe
cootHomeHusimu (10). [dJ1st nokazaTenbcTBa 3TOrO
dakTa moctatouyHo npoauddepeHIUPOBaTh I10-
JIOXKUTEIBHO OIpeneeHHYI0 (hyHKIMIO JIsmyHoBa
V=(p- n)2 B cIy cucTeMBI (16). MBI mojrydum,
YTO MPOU3BOAHASA 3TON (PYHKIINU SABISETCS OT-
puLaTeIbHOM BeIMuuHOM pu k > 0. Tem cambiM
1 TOKA3bIBACTCS ACUMIITOTYECKAsT YCTOMYMBOCTD
cucteMsbl (16) 110 OTHOIIEHUIO K BEJIMYUHE p—T.

p=n—-k(p-m). (16)

B nanHoOiI1 cTaThe Mcclieq0BaHa YCTOMYNBOCTD
KOHCEPBATUBHBIX CUCTEM C IIMKJIMYECKUMHU KOOP-
muHatamu. [TokazaHo, 4To 3aga4ya O IMTOCTPOEHUH
yIpaBIeHU, 00eCIIeYMBaOIIMX CYIIECTBOBAHME
3aJaHHOTO MHOT000pa3ust, CBOAUTCS K TTOCTPOE-
HUIO YITpaBJIEHU, 00ECIIEUNBAIOIINX IBIKEHNE
C 3aJaHHBIM UMITYJILCOM. PaccMOTpeHBI pesKUMBI
CTa0MIN3alMY CUCTEMBI 32 KOHEYHOE BpEMS.
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eocydapcmeennoeo yrusepcumema gaxysvmema I[lpuxaadnoit mamemamuxu — I[lpoyeccos ynpagnenus.

198504, . Cankr-IleTepOypr, YHuBepcurerckuii mp., 35.

ddemidova@mail.ru

YV2KETI'OB Hukoaaii IpuropseBny — acnupanm Cankm-Ilemepoypeckoeo eocydapcmeennoeo yHugepcumema @axyivmema
IIpukaadnoii mamemamuku — Ilpoyeccoé ynpasnenus.
198504, . Cankr-IleTepOypr, YHuBepcureTckuii mp., 35.
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